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Abstract 

This paper starts with a review of the topic of strong and weak pre- and post-selected (PPS) measurements, as well as 
weak values, and afterwards presents original work. In particular, we develop a nonperturbative theory of weak PPS 
measurements of an arbitrary system with an arbitrary meter, for arbitrary initial states of the system and the meter. 
New and simple analytical formulas are obtained for the average and the distribution of the meter pointer variable. 
These formulas hold to all orders in the weak value. In the case of a mixed preselected state, in addition to the 
standard weak value, an associated weak value is required to describe weak PPS measurements. In the linear regime, 
the theory provides the generalized Aharonov-Albert-Vaidman formula. Moreover, we reveal two new regimes of 
weak PPS measurements: the strongly-nonlinear regime and the inverted region (the regime with a very large weak 
value), where the system-dependent contribution to the pointer deflection decreases with increasing the measurement 
strength. The optimal conditions for weak PPS measurements are obtained in the strongly-nonlinear regime, where 
the magnitude of the average pointer deflection is equal or close to the maximum. This maximum is independent 
of the measurement strength, being typically of the order of the pointer uncertainty. In the optimal regime, the 
small parameter of the theory is comparable to the overlap of the pre- and post-selected states. We show that the 
amplification coefficient in the weak PPS measurements is generally a product of two qualitatively different factors. 
The effects of the free system and meter Hamiltonians are discussed. We also estimate the size of the ensemble 
required for making a measurement. Exact solutions for a qubit coupled to several types of meters are also obtained. 
These solutions are used for numerical calculations which agree with the theory. We also discuss time-symmetry 
properties of PPS measurements and the relation between PPS and standard (not post-selected) measurements of any 
strength. 

Keywords: measurement theory, weak values, foundations of quantum mechanics, precision metrology, quantum 
information processing 
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1. Introduction 

This paper starts with a review, and afterwards presents many original contributions. Indeed, most of this paper 
is original work, which sometimes is explicitly linked to previous theoretical and experimental work. Many special 
cases are considered in some detail, because the study done here is systematic and quite general, spanning many 
specific cases — some of which have been studied before, while most are new. These general results are presented in 
this journal because it may thereby reach a wider audience. 

In this section we review both standard and pre- and post-selected (PPS) measurements, with the emphasis on 
weak PPS measurements, some of the results of this section being original. In the following sections, we generalize 
the theory of Sec.[T]and, in particular, develop a nonperturbative theory of weak PPS measurements. Some important 
symbols used in this paper, with their description and the places where they are defined, are listed in Tables [1] and |2] 

1.1. Measurement in quantum mechanics 

The issue of measurement is of fundamental significance in quantum mechanics (see, e.g., Refs. |[ll-0])- Re- 
cent developments in fabricating ever smaller nano-devices as well as in quantum information processing (see, e.g., 
Refs. 181 41711 ') have made it more important to understand quantum measurement. 

The mathematical apparatus of quantum mechanics and its (Copenhagen) interpretation were created about eighty 
years ago, and since then they were confirmed in a countless number of experiments in various arias of physics. In spite 
of this, a complete understanding of quantum mechanics has not been achieved yet. From time to time, there occur 
revelations of phenomena which illuminate from an unexpected side the nonclassical nature of quantum mechanics 
and thus deepen our understanding of this discipline. Examples include experiments on Bell-inequality violations |T§- 



2311 . which show the impossibility of local hidden-variable theories, and the emerging fields of quantum computation 
and quantum communication Ist], where tasks which are believed to be impossible or very difficult to solve in the 
realm of the classical world were shown to be solvable. Weak values of physical quantities L241 are another example 
of nonclassical phenomena with unexpected results, as discussed below. 

In quantum mechanics, each physical quantity A is described by a Hermitian operator A in the Hilbert space of 
a quantum system S . Ideal (or projective or strong) measurements of a system S are described by the projection 
postulate. Let the operator A have discrete, nondegenerate eigenvalues a, and corresponding eigenvectors |fl,), and let 
the system S be in the state p. Then the projection postulate states that each measurement of A yields the value a, with 
probability 

P; = <fl,|p|fl,) (1.1) 

and that due to this measurement the state of the system becomes |fl,) (the so called wave-function collapse). 

When the operator A has degenerate eigenvalues, the projection postulate is not essentially different, as follows. 
A general Hermitian operator A with discrete eigenvalues has the spectral decomposition 

A = ^fl,n,-, (1.2) 



Symbol 



Description 



Defined in: 



/I 


r\. UllVolctll UUdllLlLV lUl LllC aVaLClil O 


rm 

OC^^. 11.11 


4 


' 1 'Vl^i ^t^*^t*Qt^f Tf\t' A 
1 lie OpClaLOl lOl /I 


OCC 11.11 


4 


T^ri*i \i7*icili^ I7ciln*3 4 
1 lie WCalv Value Ol /I 


FriQ (11 'KfX (11 Si 
L/US. III.JVJU, Ul.Jt 


4(1,1) 


The associated weak value of A 


lias. (IJ.4D, (lij.i. 


a 


The (proper) amplification coefficient for 


aec. 14.0.11 




the linear and strongly-nonlinear regimes 




aj 


The total amplification coefficient for the 


rsq. (I4.JJD 




linear and strongly-nonlinear regimes 




„/ 
a 


The (proper) amplification coefficient for the inverted region 


C ^ A A n 1 li 

ba. (l4.yiD 


a' 


The total amplification coefficient for the inverted region 




h 

u 


The parameter characterizing the quadratic phase 




E 


The POVM operator corresponding to the post-selection 


O 11 1 '^1 

Sec. 11. 3. 21 


t 


1 he mput meter variable 


Artei bq. (11. oH 


r 


The operator for F 


Alter nq. (11 .oP 


rp 

re 


The "centered" variable F 


Arter nq. (14. jD 


r 

J 


1 he enhancement factor 


bq. (14.5311 


J 


The identity operator for the meter M 


Ariel bq. (ij. jp 


T 


The identity operator for the system S 


Artei bq. (11. 3D 




The minimum ensemble size 


jecs. lz.zll4.Vl 


u 


The average of the operator over the initial state of 


Footnote 3 




the system or meter 




P 


The meter momentum 


Sec.|1.2.2| 


q 


The meter coordinate 


Sec.ll.2.2l 


R 


The pointer (or output) meter variable 


After Eq. ^l.U) 


R 


The operator for R 


Footnote 1 


Rc 


The "centered" variable R 


Before Eq. 


Rf 


The average pointer value for a standard measurement 


Eq. dH) 


Rs 


The average pointer value for a PPS measurement 


Sec.|l.3.4| 


n 


The signal-to-noise ratio for quantum noise 


Eq. (|4.76|l 


u 


The unitary transformation due to the system-meter coupling 


Ea. (ll.lOk 



Table 1: The list of the important symbols used in this paper, their description, and the places where they are defined. Part 1 — Latin letters. 



where Ui + Uj for / 4^ j and II,- is the projection operator on the subspace of eigenstates with the eigenvalue Ui. The 
set of all n, is the projection- valued measure associated with the measurement of A, the projectors 11, possessing the 
properties 

j 

where 6ij is the Kronecker symbol and Is is the identity operator for the system. A projective measurement of the 
quantity A yields an eigenvalue a,- with probability 

A-Tr(n,p), (1.4) 

leaving the system in the state 

n,pn, 

Pi = ■ (1.5) 

Tr(n,p) 

Note that for a degenerate a,-, the state p, is generally not known. 

A peculiar feature of quantum mechanics is that a measurement changes the state of the measured system [cf. 
Eq. (Il.5b 1. As a result, consecutive measurements of a quantum system result in an evolution of the system, which is 
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The small parameter for weak PPS measurements 
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The preselected (possibly mixed) state of the system 


Sec.|1.2.1| 
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The initial (possibly mixed) state of the meter 
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The covariance for the meter variables F and R 
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The pointer distribution after a measurement 
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The post-selected state of the system 
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Sec.|l.2.l| 



Table 2: The list of the important symbols used in this paper, their description, and the places where they are defined. Pai1 2 — Greek and Latin 
letters. 



basically different from the unitary evolution due to the Hamiltonian. The measurement-induced evolution is a purely 
quantum phenomenon. This evolution is generally random. 

Thus, quantum measurements can play, at least, two fundamentally different roles. One role is proper measure- 
ments, i.e., obtaining information on the values of physical observables. The other role is generating an evolution of 
the quantum system. An example of the second role is the possibility to transform an arbitrary state of a quantum 
system to any other state with a probability arbitrarily close to one by means of a sufficiently large number of pro- 
jective measurements 1 1]. Generally, the evolution of a quantum system is generated both by the Hamiltonian and by 
measurements. Examples of evolution driven simultaneously by the Hamiltonian and frequent measurements are the 
quantum Zeno and anti-Zeno effects 125-371. 



The situations where measurements play both roles simultaneously are especially interesting. One example is the 
conditional evolution due to post-selected measurements. In this case the information provided by the measurements is 
used to choose only a subset of realizations of the measurement-induced random evolution. Postselection has recently 
grow n in importance as a tool in fields such as quantum information, e.g., for linear optics quantum computation 



113 811 . where it is used to implement quantum gates. Another example where measurements play both roles is cluster 



state computing 1391-451. where in a series of measurements the second and subsequent measurements are chosen 



using the information provided by the previous measurements in order to achieve the required evolution. As an 
additional exarnple, we mention the problem of preparing an arbitrary state of a quantum system by a restricted set of 
measurements ll46l l47[l . 

In recent decades, there have appeared generalizations of the projection postulate to non-ideal and weak measure- 
ments H, 48, 49]. In particular, when the state of the system after the measurement is not important, the measurement 



in the most general case is described by a positive operator valued measure (POVM) {Ek}, where Et are Hermitian 
operators with nonnegative eigenvalues satisfying the relation 



Y,Ek^h- (1.6) 
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The operator Ek determines probability of A:th measurement outcome by 



(1.7) 



Note that the above generalizations do not change the postulates of quantum mechanics. Namely, the most general 
measurement is equivalent to a projective measurement of a composite system consisting of the system S and an 
auxiliary system H, 48, 50ll . 

The measurement-induced change of the state (measurement backaction) is commensurate with the measurement 
strength 15111 . so that weak measurements change the state weakly. Recently, significant attention has been given to 
the subject of multiple and continuous weak measurements, and many interesting topics were touched upon, such as 
measurement-induced decoherence, interplay of the unitary evolution and measurement backaction, quantum feed- 
back control, etc. lf52 - 65 1 . 

Pre- and post-selected (PPS) measurements, which are of primary interest here, were introduced by Aharonov, 
Bergmann, and Lebowitz (ABL) |66] in an attempt to achieve a better understanding of the role of measurements 
in quantum mechanics. PPS measurements are performed on ensembles of quantum systems chosen (pre- and post- 
selected) in the given initial and final states. In particular, PPS measurements and the closely related two-wave- 
functions formalism were applied for an analysis of time symmetry in the quantum process of measurement 1 67 - 69ll . 
In Ref. |66], ABL considered only strong PPS measurements. 



As an important extension of the ABL theory |66], Aharonov, Albert, and Vaidman (AAV) 112411 introduced the 
concept of weak PPS measurements. Such measurements of an observable A produce the so called weak value 
Ak, which has unusual properties. In particular, generally a weak value is a complex number, and its magnitude is 
unbounded, so that ReA„ can be far outside the range of eigenvalues of the operator A. Unusual (or strange) weak 
values, i.e., weak values that are complex or outside the spectrum of A were observed in a number of experiments 

izSSl]- 

It has been shown that, at least in some cases, unusual weak values cannot be explained classically. In particular, as 
shown in Ref. Ii92 1. a negative weak value of the energy of an oscillator contradicts all classical models; Johansen and 
Luis ll92ll also proposed a method for measuring such a value in a coherent state of the radiation field. Furthermore, as 
shown by Williams and Jordan [93], there is a one-to-one correlation between achieving real unusual weak values Ah, 
for a projection of a spin 1/2 (i.e., A„, such that |A„,| > 1/2) and violating the Leggett-Garg inequality for a qubit [94|- 
9811 . i.e., violating one or both of the assumptions required for classicality: macrorealism and a noninvasive detector. 
This relation between weak values and the Leggett-Garg inequality violations was verified experimentally in Ref. ||^ 

T he unusual properties of weak values initially gave rise to controversy over their meaning and significance 19; 
lOdl . However, subsequent research has made significant progress in elucidating the interpretation of weak values an d 
indicating a variety of situations where they provide interesting physical insig hts ll67il7il7l[8n[8ll90l [l0ll[lol . 
Moreover, irrespective of the interpretation of unusual weak values, they have proved clearly useful in such important 
physical phenomena as signal amplification and superluminal propagation. 



Weak values are of significant current interest. They were discussed extensiv ely ll92LllOlLll03l - ll 2211 and reviewed 
in Refs. ll67l - l69ll . Weak values were measured in a number of experiments primarily in the field of optics, 

though one of the early ex periments was in NMR 117 111 . There are r ecent proposals for the observation of weak values 
using electrons in solids [93, and photons and atoms 1112111 . The experiments included applications to 

metrology iTOllsoi [83^86... 891. optical communications [74,^5], and Hardy's paradox ll8ll[82|[ . 

In the rest of Sec.[T|we review PPS measurements, whereas in subsequent sections we extend the theory of PPS 
measurements, the emphasis being on developing a nonperturbative theory of weak PPS measurements. 



1.2. Standard quantum measurements of arbitrary strength 

Here the term "standard measurement" refers to measurement of a physical quantity A without a post-selection. 
Standard measurements may be ideal (i.e., projective or strong) or non-ideal, with an arbitrary measurement strength 
(e.g., standard measurements can be weak). Standard measurements are discussed here with the help of the von- 
Neumann-like measurement scheme. 
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1.2.1. Von-Neumann-like measurement scheme 

Quantum measurements are usually performed in the laboratory by bringing the system under study into an in- 
teraction with the measuring apparatus (the meter) and then measuring the meter Von Neumann developed a model 
which describes how the above process produces projective measurements Many studies of quantum measure- 
ments are based on the von Neumann measurement model or its generalizations. 

Consider the von-Neumann-like measurement scheme, which is a direct extension of the original von Neumann 
measurement model In this scheme, the quantum system S and the measurement apparatus M (meter) are coupled 
by the interaction described by the Hamiltonian 



H = g{t)A®F, 



(1.8) 



where ^(f) is the instantaneous coupling rate, which differs from zero in the interval (fi, ff ), A is the operator represent- 
ing the measured quantity A, and F is the operato£] corresponding to the "input" meter variable F. 

We assume that initially (at f = < ti) the system and meter are uncorrected, being in the pure states li/r) and 
Ii/^m), respectively (the case of arbitrary system and meter states, p and pm, is discussed in Sec.|2]i. Then for t >tf the 
state of the system and meter becomes correlated. 



(1.9) 



by the unitary transformation 



where y is the coupling strength. 



U - exp(-/7A ® F), 



r 



g(t)dt 



(1.10) 



(1.11) 



(we use measurement units in which ^ = 1). Finally, a measurement of the "output" meter observable R (the "pointer 
variable") at tu > tf provides information about the system. This process is depicted schematically in Fig. [T] (In 
Figs.[T]and[3]the standard quantum-circuit notation is used; in particular, double lines carry classical information.) 
Here we make the common assumption that the free Hamiltonians of the system and meter can be neglected li U i24ll : 
the effects of the free Hamiltonians of the system and meter are discussed in Secs.l6]and l7.2.4l 




Figure 1 : Schematic diagram for standard quantum measurements of arbitrary strength!. The system S is correlated with the meter M by the unitary 
transformation U in Eq. jl.lOt , and then a projective measurement of the meter pointer variable R is performed. The double line carries classical 
information. Initially {t = 0), the system state is p and the system state is pu- 



1.2.2. Canonically conjugate meter variables 

The problem becomes drastically simplified, when the meter is a continuous-variable system, e.g., a free linearly 
moving particle, whereas F and R are canonically conjugate variables. We also make the customary assumption that 



' Generally, we denote a Hermitian operator and the corresponding physical quantity by the same symbol, the exception being only the notation 
for the operators A, F and R of the quantities A, F, and R. 
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the free Hamiltonian of the meter can be neglected, which implies that the particle mass is very large. As in the 
original von Neumann model HI], we assume that F is the momentum p and R is the coordinate q. 



F ^ p, R^q. (1.12) 

To simplify the problem even more, we assume here that A has discrete and nondegenerate eigenvalues. Then, ex- 
panding in the basis of the eigenvectors of A, \^) - ffjiflj), Eq. ( 11.91) yields 

\^M)) = exp(-/yA ® p) ^ Oj \aj) tpuiq) 

j 

^^"j ^^Vi-iya jp) ipuiq) \a j) 

j 

^^o:j^M{q-yaj)\aj), (1.13) 
j 

where \i//f{q)} - {q\4'f), and tfruil) — {i\4'm}- A projective measurement of ^ at f > ff resultsQ to a very good 
approximation, in a projective measurement of A, when different wavepackets (//uip - ycij) practically do not overlap 
in Eq. ( 11.131 ). This is realized when the coupling is sufficiently strong, 

\y\{6a)■»^q, (1.14) 

where 5a is the minimal distance between different aj and lS.q is the uncertaint>0 of ^ at f = 0. 

1.2.3. Non-ideal and weak standard measurements 

When the coupling is not sufficiently strong, a measurement is non-ideal (partial). However, for any y one can 
still measure the average (expectation value) of A over the initial state 

A^im^), (1.15) 

since Eq. ( 11.131 ) implies that 1124 1 



qj-q^jA, (1.16) 

where q and qj are the averages of at f = and t > ff, respectively. 

A standard measurement with a small coupling strength y is called a weak standard measurement or simply a 
weak measurement. 

Note that a weak measurement of one system provides almost no information, since the average pointer deflection 
(11.16b is much less than the pointer uncertainty. Therefore, to obtain A, one must perform measurements on each 
member of a sufficiently large ensemble of systems prepared (preselected) in the same state and then average the 
results of the measurements. The measurement error decreases when increasing the size of the ensemble and thus can 
be made arbitrarily small. The way of extracting the expectation value A in weak measurements differs conceptually 
from that in projective measurements. Indeed, projective measurements provide probabilities f , of the eigenvalues a, 
of an observable A, and A is obtained from the standard definition of expectation value by the formula 



2 



atPi. (1.17) 



In contrast, in weak measurements A is extracted by Eq. ( 11.16b directly, without measuring each P, individually. 

In the general case, when the input and output meter variables F and R are not canonically conjugate to each other, 
Eq. ( 11.161 ) does not hold for arbitrary y. However, for a sufficiently small coupling strength, when the linear response 
holds, the average deflection of the pointer/? is generally proportional to A, i.e., weak standard measurements are still 
possible (see Sec.|2]for further details). 



^ Since ^ is a continuous variable, projective measurement of q always has a finite error. For our purposes, this en'or should be much less than 

\y\m- 

^The average of an arbitrary variable O, described by the operator 6, in a state po is given by O = Tr((5po) (in particular, for a pure state I^P), 
O = CP|d|>F», whereas the uncertainty AO = (O^ - O^)'/^. 
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1.3. Measurements with pre- and post-selection 
1.3.1. General considerations 

In classical mechanics, knowing the state of an isolated system at some moment as well as the Hamiltonian of 
the system, one can completely determine the motion for all times, both in the future and in the past. In quantum 
mechanics, only a fraction of the observables can be completely determined in a given state of a system, other observ- 
ables being not determined, which is demonstrated explicitly by the Heisenberg uncertainty principle. This makes the 
evolution of the system non-deterministic, i.e., probabilistic. 

In the usual approach, the (random) behavior of a quantum system is studied assuming the knowledge of the state 
at some initial time fo. As an extension of the usual approach, ABL |66] asked the question: How does the description 
of a quantum system in the interval (fo, fs) change, when not only the initial state at time fo but also the final state at 
time fs are known, so that one has a more complete information on the system than in the usual approach? 

Preselection Post-selection 




A B 

Figure 2: A schematic diagram of pre- and post-selected quantum measurements. It involves the preselection of the initial state \tlj), measurement 
of a variable A (the thin arrow), and the postselection by means of a projective measurement of a variable B and selecting the systems in a final 
state 1^). 

To answer this question, ABL ll66ll devised pre- and post-selected measurements described as follows (see Fig.|2]l. 
Consider an ensemble of quantum systems prepared initially (preselected) in the same state Each member of 
the ensemble is subjected to a measurement of the quantity A, which may be strong or weak (the thin arrow before 
A in Fig.|2l). Then, at a later moment, a final projective measurement of a variable B with a discrete, nondegenerate 
spectrum is performed, which, in view of the projection postulate (Sec. II. Il l, leaves the system in one of the orthogonal 

states 10), 10'), The ensemble of the system can be broken into subensembles with different final (post-selected) 

states 10), 10'), . . . ; such a subensemble is called a pre- and post-selected ensemble. The statistical distribution of 
results of the measurement of A are different for each subensemble and different from the statistical distribution over 
the whole ensemble. Thus, the possible results of the measurement of A depend both on the initial and the final 
states of the system. A measurement in a pre- and post-selected ensemble is called a PPS measurement. Above we 
considered one measurement in a pre- and post-selected ensemble, but there may be two or more such measurements 
of some observables A, A', . . . |66, 68]. 

Until now we discussed pure PPS ensembles, i.e., ensembles with pure initial and final states. More generally, 
we will consider also mixed PPS ensembles, where the preselection is incomplete, i.e., the initial state p is mixed. In 
addition to the aforementioned preselected and PPS ensembles, there is also a third type of ensemble — ^post-selected 
only ensembles IHtIi . i.e., ensembles of systems with a pure final state |0) and the completely mixed initial state 

Pcm. = (1.18) 

d 

where d is the dimension of the Hilbert space of the system. Post-selected ensembles are the limiting case p p^.m. 
of mixed PPS ensembles. 

Another important generalization of PPS ensembles is for the case where the post-selection measurement is a 
projection on a degenerate eigenvalue of a variable B. Such a measurement is generally not "complete" in the sense 
that it does not specify a single post-selection state ll67[ll25ll . Indeed, in this case the post-selection state generally 
depends on the result of the intermediate measurement of A, according to the projection postulate, Eq. dl.Sb . 
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This generalization allows one to connect PPS and preselected ensembles. Namely, when B is a multiple of the 
unity operator, the measurement of B does not provide new information which could be used for the post-selection, 
and a PPS ensemble becomes a preselected (only) ensemble. As a result, in this case PPS measurements coincide 
with standard measurements, as was formally proved in Ref. [167] for the cases of strong and weak measurements with 
a pure preselected state (see also Sec. ll.3.2l i and will be proved in Sec. ll3.2] for measurements of arbitrary intensity 
with an arbitrary preselected state. Furthermore, we note that in the most general case, a PPS ensemble is obtained by 
performing a general post-selection measurement described by a POVM; then the PPS ensemble includes the systems 
with a certain measurement outcome. 

PPS ensembles have unusual properties. In particular, the observables which have an eigenstate or |0) have 
definite values in a pure PPS ensemble lll26ll . Hence, when \(f>} + \ip), there are, at least, two non-commuting observ- 
ables with no common eigenstates (e.g., components of spin 1/2), which have definite values in a pure PPS ensemble. 
This is in sharp contrast with systems preselected only in a state (post-selected only in a state for which solely 
the observables with the common eigenstate (|(^)) have definite values. 

Moreover, not only PPS ensembles but also PPS measurements have unusual properties. These properties gener- 
ally depend on the measurement strength. One such unusual property, peculiar for strong PPS measurements but not 
for weak PPS measurements, will be discussed in Sec. 11.3.31 

1.3.2. Strong (ideal) PPS measurements 

Let us discuss PPS measurements in more detail. Consider first strong (ideal) PPS measurements. 

Let an ensemble of quantum systems be prepared (preselected) in a (pure or mixed) state p. According to the 
projection postulate (Sec. II. it . a projective measurement of an observable A with discrete eigenvalues provides an 
eigenvalue a, with probability P, ( 11.4b and leaves the system in the state p, ( 11.51 ). In the most general case, the 
final measurement is characterized by a POVM (see Sec. ( 11.3.1b ). and the PPS ensemble includes systems with a 
certain measurement outcome which is characterized by a POVM operator E and occurs with probability Tr (Epi) [cf. 
Eq. ( 11.71 )1. The joint probability to measure the eigenvalue a, of A and to observe the outcome corresponding to E is 
the product of the respective probabihties, 

PiE = PiTi-(Epi) = Tr(£n,pn,). (1.19) 

As follows from Eq. ( 11.191 ) and Bayes' theorem, the probability that a projective measurement of A yields the value 
a,, provided the system is post-selected by means of E, is 

^ P:e ^ Tr(£n,pn,) 

i:jPjE 2:,Tr(£n,pn^)- 



This equation is an extension of the ABL formula I66L 16811 to general E and p. It is obvious from the first equality in 



Eq. ( 11.201 ) that the probability distribution is normalized to one, 

= (1-21) 

When E is the unity operator, strong PPS measurements become strong standard (not post-selected) measurements 
(see Sec. II. 3.11 . and correspondingly Eq. ( 11.20b reduces to Eq. (11.4b . 

Henceforth (with the exception of SecfTTb. we will assume that the post-selection measurement is a projection on 
a nondegenerate, discrete eigenvalue of a variable B. Such a measurement is "complete" in the sense that it completely 
specifies the post-selection state \<p). In this case, 

£ = = |,^)<<^|, (1.22) 

and Eq. ( 11.20b becomes the probability that a projective measurement of A yields the value a,-, provided the system is 
post-selected in the state \<p), 

<<^in,pn,|^) 



Zj{(f>\ n,pn,|0)- 



(1-23) 
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Consider now special cases. For a pure initial state p = |i/')((AI, Eq. (11.231 1 becomes il26|] 



For a nondegenerate eigenvalue a,-, one has 11, = |a,)(fl,|, and Eq. (11.23b becomes 



p ^ K0|a/)|-<a/|p|a,) 



In the case of a pure preselected state Eq. (11.251 ) yields the result 

mai){am^ 



Y,j\{4>\aj) <a> 



(1.26) 



This equation is a special case of the ABL formula 11661 16811 for the vanishing system Hamiltonian 



In the case when the pre- and post-selected states are pure, strong PPS measurements are invariant under time 



reversal 1166146 811 . which is seen from the fact that the ABL formulas (11.24b and ( 11.26b are symmetric with respect to 
an exchange of the initial and final states. In Sec. 113.41 we obtain a more general time-symmetry relation, which holds 
for PPS measurements of arbitrary strength and for arbitrary (possibly mixed) pre- and post-selected states. 

In the limit p pc.m. [see Eq. ( I1.18b l. Eq. (11.23b provides the following probabilities of measurement outcomes 
for an ensemble post-selected in the state \^), 

Pi\^ = (0in,#). (1.27) 

This formula coincides with the result ( 11.4b with p = \(p){(py Thus, the probability distribution of the outcomes of a 
measurement performed at time t, Iq < t < t^/ma. post-selected ensemble is identical to that for the system preselected 
in the state \(p) [67]. A similar property holds also for weak PPS measurements (see paragraph/ in Sec. ll.5.2] i. 

1.3.3. Contextuality of strong PPS measurements 

A peculiar property of strong PPS measurements is that the probabilities (11.25b . ( 11.26b . and d 1 .24b are context- 
dependent, i.e., the probability of an outcome of a strong PPS measurement depends not only on the p rojector a ssoci- 



ated with that outcome but on the entire projection- valued measure associated with the measurement l'126i ll27ll . 



This property is illustrated by the three-box problem lll26ll . Consider a particle which can be located in one of 



three boxes. The state of the particle when it is in box / is denoted by |/). At time fo the particle is prepared in the state 

|-A> = ^(|1) + |2) + |3)), (1.28) 
V3 

and at a later time fs the particle is found in the state 

|<^> = ^(|1) + |2)-|3)). (1.29) 
V3 

We assume that in the time interval [fo, fs] the Hamiltonian is zero. Opening box / at time f, to < t < fs, corresponds 
to measuring the projection operator 

n,- = |/)</|. (1.30) 

The corresponding operators entering Eq. (11.24b are 11, and 

fii^Yj^jXjl (1.31) 

Hence, one obtains from Eq. (11.241) that the probability to find the particle in box 1, without opening the other boxes, 
is 

^^^.^ = n = mmm^ ^ (i/3)^ ^ j 32. 

^ ' mi}{m\^ + \(m(m + (mom^ (1/3)2 + (1/3 -1/3)2 
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Similarly, 



prob(n2 = 1) = 1 



(1.33) 



and prob {TI3 - 1) - 1/5. Thus, we obtain a paradoxical result that on opening any of boxes 1 and 2 one is certain to 
find the particle in the opened box. The results (11.321 1 and (11.33b were verified experimentally Ii76] . 

For comparison, consider opening the three boxes simultaneously, which corresponds to measuring a nondegen- 
erate observable with the eigenstates |1), |2), and |3). Now the probability to find the particle in box / is given by 
Eq. ( 11.241 1. where the projection-valued measure is (lli, 112, ^3) [Eq. ( 11.301 )1. or, equivalently, by Eq. (11.26b . yielding 



(1.34) 



The discrepancy between Eqs. (11.32b and (11.33b . on the one hand, and, respectively, the probabihties Pi\^ and P210 in 
Eq. ( 11.341) . on the other hand, shows explicitly the contextuality of strong PPS measurements. 



1.3.4. Model for PPS measurements of arbitrary strength 

Non-ideal PPS measurements can be discussed by analogy with non-ideal standard measurements (Sec. 11.21) jlA 
with the help of a suitably generalized von Neumann model, as follows (see Fig. [3]). Let us consider an ensemble 
of pairs consisting of a system and a meter in the pure states and |i^m), respectively (extensions to the cases of 
arbitrary states p and/or pM are given in Sees. [3]|5]l. For each system-meter pair the coupling ( 11.8b is turned on in 
the interval (fi, ff); then a PPS ensemble is formed by performing a projective measurement of a variable B for each 
system at fs > k and selecting for further consideration only the systems which are in the eigenstate |0) of B. A 
PPS measurement is completed after measuring the pointer observable of the meters at Jm > ff and performing the 
statistical analysis of results in the PPS ensemble, with the goal, e,g., to obtain the average pointer value ^5 or the 
distribution of the pointer values Os(/?). 

Note that the meters can be measured both after (fM > fs) and before (fM < fs) the post-selection. The only 
difference is that for fM > fs it is sufficient to measure only the meters corresponding to the PPS ensemble, whereas 
for fM < fs all meters in the initial ensemble should be measured, but in the statistical analysis after the post-selection 
(at f > fs) only the meters corresponding to the PPS ensemble should be included. 




Figure 3: Schematic diagram of a model for pre- and post-selected quantum measurements. This approach differs from the von Neumann scheme 
in Fig.^in that the measurement of R is conditioned ("post-selected") on the measurement of the system S in a state \(j>). 



1.4. Weak PPS measurements 
1.4.1. Simple approach 

Let us now consider weak PPS measurements. Here we describe the simple approach |24, 103 . 104 *1. which has 
been used in most studies studies on weak values; a more general method is discussed in the following sections. As 
in Sees. ll.2.2lfTT273l we consider the coupling ( 11.8b with F - p (the case F - qis discussed in Sec. 11.4.2b . When 
fM > fs, then after the post-selection but before the measurement of the meter (for fs < f < fM), the (unnormalized) 
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meter state is, in view of Eqs. ( 11.91 ) and ( 11.101 ). 



{Mf(p)) = <0I exp(-/rA ® p) iffM(p) 
^ {0\l-iyA®p\>^}ilrM(p) 
= <0|iA)(l - i7A„p)i//M(p) 

~ {(f)\i//} exp(-iyA,,p) i^uip)- (1-35) 



Here \\pf{p)) - {p\4>f), 4'yiip) - {p\4'm), and A„, is called the weak value of A 112411 . 



A,„ = (1.36) 

where A^^ - {(p\A\ilj). The approximations in Eq. ( 11.35b hold up to first order in y; they are discussed below. 
To proceed further, it is convenient to assume that iffuip) is a complex Gaussian with a phase linear in p. 



if/uip) = Zp exp 



(P-P) 



2 



4(Ap) 



Y-19P 



(1.37) 



where Zp - ( V27r/Ap)'^^, and p and Ap are, respectively, the average and the uncertainty of /? at f = 0. The Fourier 
transform of Eq. ( 11.371 ) yields a Gaussian wavefunction t/zuiq) with a phase linear in q. 



ij/uiq) = Zg exp 



(q-qf , .- 

■4(A^^'^^ 



(1.38) 



where = ( y/l^Aq)-^'^ and = (2A/5)-i. 

Inserting Eq. (I1.37l i into Eq. ( 11.351 ) yields a Gaussian wavefunction which differs from the initial wavefunction 
(11.371 ) only by the average values of q and p, the shifts of q and p being determined by Re A^, and lmA„, respectively. 
As a result, a measurement of q provides a Gaussian distribution of q which is shifted relative to the initial distribution 
by the value 

A^inax = yReAv,, (1.39) 
whereas a measurement of p provides a Gaussian distribution shifted relative to the initial distribution by the value 

Ap,n..^2y{ApflmA„. (1.40) 

In Eqs. ( 11.391 ) and ( 1 1 .401 ) A^max and Apmax denote the shift of the maximum of the corresponding distribution; these 
quantities are directly measurable in experiments. Since a weak PPS measurement does not change the Gaussian shape 
of the wavepackets in the coordinate and momentum spaces, the average values of the coordinate and the momentum 
are shifted by the values ( 11.391 ) and ( 11.401 ). respectively, 

^, -^ = rReA,,, (1.41) 

p,- p ^2y(ApflmA„, (1.42) 

where qs and ps are the post-selected averages of q and p. 

Equations ( 11.411 ) and ( 1 1 .421 ) show that weak PPS measurements in the linear-response (or AAV) regime provide 
the weak value A„, of the quantity A. Equations ( 11.411 ) and ( 11.421 ) look very similar to the result (11.16b of weak 
standard measurements. However, in contrast to standard measurements (Sec. II. 2b . now not only q but also p contains 
information about the system. 

The weak value has unusual properties, which drastically distinguish it from the expectation value of a variable 
(11.15b resulting from a standard measurement. The weak value diverges when the overlap K^liA)! tends to zero. For 
instance, the weak value of a component of spin 1/2 can be equal to 100 f^Tj. Moreover, the weak value can be 
complex. The weak value will be discussed in more detail below. 
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The results (ll.41l i and ( 11.42b were obtainecflby AAV |24] for real Gaussian functions if/uip) an d il/u id), i-c, for 
p = q - 0. As shown above, Eqs. ( 11.411 ) and (ll.42l i also hold for Gaussians with a linear phase. Jozsa [1 10] considered 
the case of an arbitrary meter wavefunction and showed that generally there is an additional term, proportional to 
ImA„,, on the right-hand side (rhs) of Eq. ( 11.41b . whereas Eq. ( 1 1 .42b remains valid in the general case. 

Hosten and Kwiat |80] showed experimentally that the term proportional to Im A„ may arise in Eq. (11.41b due to 
the nonzero meter Hamiltonian; they utilized this term to achieve strong amplification in a measurement of a weak 
optical effect (for details see Sec. 17.2.4b . Below we show that in the most general case, i.e., for arbitrary meter 
variables F and R, the term proportional to ImAn, arises in the linear-response regime whenever there is (classical) 
correlation between F and R (see Sec. l4.4l for more details), the presence of a nonzero meter Hamiltonian being only 
one of several possible ways to generate this correlation (see Sec. 17.2b . Furthermore, below we show that a correlation 
between p and q arises whenever the phase of the wavefunction i//m(p) or i/zuiq) is nonlinear in p or q, respectively 
(see SecO cf. also Sec. [TA2l i. 



The conditions for the validity of Eqs. ( 11.41b and (11.42b were obtained in Ref. 110311 for the special case q - p - Q. 
Namely, the first and second approximations in Eq. ( 11.35b hold, respectively, for 



Irl 

and 



A^i/, 



!/(«-!) 

Ap<^\ (« = 2,3,...) (1.43) 



lrAJAp«l. (1.44) 

Note that the results ( 11.41b and ( 11.42b . as well as their generalizations mentioned above, hold up to first order in y, 
i.e., in the Unear-response regime. As a result, the weak value in these results is bounded by the condition ( 11.44b . For 
any given y, the condition ( 11.441 ) is always violated for a sufficiently small overlap (0|i/'). In this case, linear-response 
results are not applicable, even though the condition ( 11.43! ) holds, i.e., PPS measurements are weak. It would be 
of interest to obtain a simple and general theory of weak PPS measurements, which holds beyond the limits of the 
linear response and is correct to all orders in the weak value. Such a theory is developed and discussed in subsequent 
sections. 

1.4.2. The pointer distribution 

In addition to the average value of the pointer variable R, it is of interest to consider the probability distribution 
of the pointer values, since it is measured directly in experiments. For simplicity, we assume that the initial pointer 
distribution 0(/?) has a bell-like shape (e.g., Lorentzian or Gaussian). 

Here we consider situations where the pointer distribution (i>s{R), resulting from a weak PPS measurement in the 
Unear-response regime, has the following property, which is advantageous for experimental realizations: 

(i) ,(7?) is displaced with respect to the initial distribution ^{R) - |i^m(^)I^ without a change of the shape of the dis- 
tribution (at least, for the central part of the distribution; tails of the distribution can be deformed by the measurement 
even in the linear-response regime, see Sec. l8.2l for details). 

Property (i) implies also the following property: 

(ii) The shift of the maximum of the distribution AR^^^ equals the average pointer deflection, 

AR^,,=R,-R. (1.45) 

Note, however, that property (ii) does not necessarily imply property (i). [The general case, where properties (i) and 
(ii) may not hold, is discussed in Sec. 18.21 1 

In particular, properties (i) and (ii) hold in the following cases. 

a. Real weak value. Let An be real, whereas F - p and R — q. Then from Eq. ( 11.351) rewritten in the coordinate 
representation we obtain that 

{4>\^M)) ~ <0|iA) exp(-/yA,,/?) ^yiiq) 

= {(P\il/)ilfM{q-yA„). (1.46) 



Actually Eqs. 11. 4U and 11.42) differ somewhat from the AAV results [24i1 in that here the roles of p and q are exchanged in comparison to 
Ref. (24ll . as in some optical experiments iTOlfsoll . The original AAV results are given below by Eqs. )1.56t and )1.57t . 
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Thu s, w hen A„, is real, an arbitrary coordinate distribution is shifted, due to a weak measurement, by the value 

q,-q^yA„. (1.47) 
In particular, if the coordinate distribution is bell-like, we have 

A^max ^ q.,-q^ r^H- (1-48) 

b. General complex Gaussian. The most general form of a complex Gaussian state is given by 

{\+ib)(p-pf 



i//m(p) = Zp exp 



4(Ap)2 



- iqp 



(1.49) 



Here b is a real parameter characterizing the quadratic phase — the phase of the state ( 11.491 ) is a quadratic function of 
p, with the quadratic term proportional to the parameter b. 

In coordinate space, a general Gaussian state has a similar form. 



Mq) = Zg exp 
where Aq is determined by the equality 



(ib -l)(q- q) 



4(Aqy 



+ ipq 



(1.50) 



Vl +^2 

ApAq^ . (1.51) 

This equation has the meaning of the generalized uncertainty relation with the equals sign [cf. Eq. ( 17.251 ) below]. In 
Eq. ( 11.501 ). similarly to Eq. ( |1.49t . the phase is a quadratic function of q, with the quadratic term proportional to b. 

Now assume that F - p. Inserting Eq. ( |1.49t into Eq. ( 11.35b and performing some calculations yields a wavefunc- 
tion of the same form as Eq. (11.49b with the only difference that p is shifted by the value (11.40b . whereas q is shifted 
by the value 

A^max ^qs-q = r (ReAv, + blmA,,). (1.52) 

In other words, a weak PPS measurement shifts the Gaussian distributions of p and q, |iAM(/')P and |i/'m(?)P, without 
a change of the form, by the values ( 1 1 .40b and ( 11.52b . respectively. 

The case of a Gaussian state with a zero or linear phase considered in Sec. 11.4. fl Fsee Eq. ( |1.39b l is obtained as 
a special case of the present case for b = Q. The term proportional to ImA,, in Eq. (11.52b arises due to a nonlinear 
(quadratic) phase. 



It is often stated f67|, |69|, |80l] that the imaginary part of the weak value does not affect the probability distribution 
of the meter coordinate, and Im Av^ can be observed only in the distribution of the meter momentum. Equation (11.52b 
shows that this statement is not exact, since Im A„, enters the shift of the coordinate distribution for a general Gaussian 
wavefunction. The same holds for a general (non-Gaussian) meter state, as discussed in Sec. 18.21 

c. R - F with a Gaussian distribution ofF. When the pointer is the momentum or, more generally, R = F, where 
F is a continuous variable, one obtains, similarly to Eq. ( 11.35b . that 

mf{F)) ^ {<p\ilf) exp(-ijA,,F) i/,MiF). (1.53) 

The square of the modulus of Eq. (11.53b is the unnormalized distribution of F modified by the measurement. When 
the initial distribution <t>(F) - li/zyiiF)]^ is a Gaussian, the distribution of F after the measurement is also a Gaussian, 
which differs from <i>{F) only by a shift of the center equal to 

AF^,, = F,-F ^ 2yiAFflmA„. (1.54) 

Equation ( 11.54b was proved above [see Eq. ( I1.40b l for the special case, when F - p and i//m{p) is a general Gaussian, 
i.e., the phase of i^m(p) is at most quadratic. Here Eq. (11.54b is shown to be valid for an arbitrary phase of iJ/m{F). 

In the above formulas for weak PPS measurements we assumed that F - p [except for Eq. ( I1.54b l. It is easy to 
show that for F - q, the above formulas for ^.5, ps, A^max, and Ap^ax change according to the rule 



p <r^ q, ReA„ — > -Re A 
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(1.55) 



For example, Eqs. ( 11.41b and ( 1 1 A2\ become 12411 



Ps-P = -rReA„„ (1.56) 
q,-q = 2j(AqflmA,,. (1.57) 

Note that Eqs. (11.421 ) and ( 11.571 ) are special cases of the second equality (11.541) . 
7.5. Discussion of weak values 

1.5.1. Interpretation of weak values in terms of probabilities 

Until now, we have assumed that the preselected state in a weak PPS measurement is pure. It is of interest to 
extend the theo ry to a mi xed preselected state. In the case of a mixed preselected state p, the definition of the weak 



value becomes lll08lll24ll (see Sec.|5]for the derivation) 



A„, = (1.58) 

P<P<P 

For a qubit with a mixed preselected state, weak values are always finite (see Sec.|9]for more details). However, for d- 
level systems with c/ > 3, weak values can be unbounded even with a mixed preselected state, when p has one or more 
zero eigen value s. In this case, the weak value diverges, when the pre- and post-selected states approach orthogonal 



subspaces 111 1411 . Below the weak value will be further extended to the case of a general post-selection measurement 
(see Sec.fTSTl. 

The results ( 11.36b and (11.58b for weak values are surprising in the sense that one might expect, by analogy with 
Eqs. ( 11.16b and (11.17b . that a weak pre- and post-selected measurement yields the average of A obtained in a strong 
PPS measurement, 

A, = (1.59) 

where are given by Eq. ( 11.251 ) or ( 11.26b . Equation ( 11.591 ) is a usual value of A, i.e., a real number within the range 
of the eigenvalues of A, and hence it generally significantly differs from the weak value. Even so, as shown below, 
there are situations where the weak value coincides with Eq. ( |1.59b . 

It is possible to obtain an expression for the weak value similar to Eq. ( 11.59b . Indeed, inserting Eq. ( 11.21 ) into 
Eq. ( 11.581 ) yields the weak value in a useful form 

A„ = 2fl,(n,)„, (1.60) 

where is the weak value of H/, 

i<f>\p\4>} 

The quantity (11,),,. can be called the weak probability corresponding to the eigenstate a, lf76ll . Summing both sides of 
Eq. (11.61b over / and using the second equality in Eq. ( 11.3b . we obtain that the weak probabilities are normaUzed 

X(n,)v. = 1. (1.62) 

i 

The weak probability distribution {(II,),,,) is generally nonclassical, in the sense that some weak probabilities may be 
greater than one or negative or even complex; such weak probabilities are unusual weak values of the projectors 11, . 
However, whenever all (11,),, are positive or equal to zero, the normalization ( 11.621 ) ensures that the set {(H,),, ) is a 
classical probability distribution, and hence A„. is a usual value ill 19ll . 

Equations (11.60b and ( 11.62b imply that the weak value A^. is the average of the observable A over a nonclassical 
probability distribution which can assume negative and complex values. It is often stated \ 1 17 1 that the weak 



value should be understood as the mean value of the observable A when weakly measured between the pre- and post- 
selected states. However, we stress that, in view of Eq. ( 11.60b . the "mean value" here is not a usual (classical) mean 
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value, since it is taken over a nonclassical probability distribution. Nonclassical discrete 1 7^ 81 1 82 1 and continuous 
129] probability distributions were measured experimentally. 

An additional insight into weak values is provided by the fact that the weak probability (n,),^ in Eq. ( 11.601 ) has the 
meaning of a (nonclassical) conditional prob ability of the measurement result a,- given that the subsequent measure- 
ment result corresponds to the state |0) lll28ll . Indeed, the weak probability (11.61b can be recast in the form of Bayes' 
theorem 

Pi^ ^ Tr(n^n, p) 



(n,)w = Pu — -T- 



Tr(n^p) 



(1.63) 



where is given in Eq. ( 11.221 ) and 



P,^ = Tr (n^n, p), P<i,^Yj ^'^ " P^- 



(1.64) 



The measurement probability in quantum theory is represented in quantum theory by an average of a projection 
operator [see Eq. (I1.4l i or the expression for in Eq. (Il.64b 1. The quantity P,^ in Eq. (11.64b . being an average of a 
product of projection operators Il^n,, plays the role of the joint probability for weak PPS measurements. Generally, 
P,-0 is nonclassical, since O^Il, is not Hermitian, when and 11, do not commute, and hence P,-0 may be complex. 



1.5.2. Sufficient conditions for usual weak values 

The most interesting situations occur when the weak value is unusual. It is not easy to provide necessary and 
sufficient conditions for unusual weak values. However, it is easy to list some situations where weak values are usual. 
In particular, weak values are usual in the following cases: 

a. In the case |0) = lip), Eq. (11.36b yields 

A„^A^^^A. (1.65) 

Now A„, is equal to the result A of a weak standard measurement (see Sec. ll.2.3T l. The reason for this is seen from the 
fact that in the present case the post-selection probability equals approximately \{<p\il/}[^ - Ki/rli/r)!^ - 1, i.e., the post- 
selected ensemble almost coincides with the total ensemble. Hence, now there is practically no difference between 
weak PPS and weak standard measurements. 

b. When |0) is an eigenstate of p with a nonzero eigenvalue A, then Eq. (11.58b yields 

AmA 

Avv = ^=A^^. (1.66) 
A 

The present situation reduces to case a. when p is a pure state. 

c. When \i^} or \<p} is an eigenstate of A with eigenvalue a,-, then 

A„^ai. (1-67) 

d. When, in a pure PPS ensemble, a strong measurement yields a particular eigenvalue aj of a variable A with 
certainty, then the weak value of A is equal to aj [67. .126 1. Indeed, then P,|0 = dij in Eq. ( 11.24b . i.e., for / 9^ j, 
{<p\ni\i//} - 0; hence due to Eq. (11.36b (!!,)„, - Q (i j). The latter result implies, in view of Eq. (11.62b . that 
(n,)„, = and hence Eq. ( 11.60b yields A^, - aj. 

e. When A commutes with p, 

[A,p]=0, (1.68) 

then Avv is given by Eq. ( 11.59b . Indeed, taking into account that Eq. (11.68b implies [n/,p] - and using the proper- 
ties of the projection-valued measure (11.3b . we obtain that the weak probability ( 11.61b equals the probability Pi\^ in 
Eq. ( 11.231 ) and hence Eq. ( 11.601 ) coincides with Eq. ( 11.591 ). 

/ When the initial state is completely mixed, Eq. (11.18b . i.e., the measurement is made on a post-selected only 
ensemble, then Eq. (11.58b yields 

A,„=A^^. (1.69) 

Note that paragraph/ is a special case of paragraph e. The result (11.69b is the same as for a weak standard measurement 
on an ensemble preselected only in the state \(p}. A similar property holds also for strong measurements in post-selected 
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ensembles (see Sec. ll.3.2l i. The above two results are special cases of the time-symmetry relation, which states that 
measurements of any strength in an ensemble post-selected only in state \<p} give the same results as in an ensemble 
preselected only in the same state (see the proof in Sec. 113. 2l i. 

The usual weak values obtained in the above paragraphs c.-f. (but not in a.-b.) coincide with A, in Eq. ( 11.59b . Note 
that in the above cases c, e., and/, Tl^ = \<p){<p\ or p commutes with A. As shown in Sec. 113.21 under such conditions, 
PPS measurements of any strength produce the same results as standard measurements with a suitable preselected 
state; hence Avj, is an average of A [cf. Eq. (Il3.l4b 1. This explains why in these cases A„ is a usual value, described 
by Eq. (fT39l l [cf. Eq. OTl il. 

The requirement that all the above sufficient conditions for usual weak values should be violated provides a 
necessary (but not sufficient) condition for unusual weak values. A thorough discussion of the conditions needed to 
obtain unusual weak values in a qubit is given in Sec.|9] 

1.5.3. Quantum interference in PPS measurements 

In order to understand the reason why the weak value generally sharply differs from Eq. d 1.59b , it is useful to 
compare the meter states for standard and PPS measurements, just before the measurement of the pointer. Equation 
(11.13b implies that in standard measurements, there is no interference between the wave packets il/miq - jcij), since 
they are multiplied by mutually orthogonal vectors \aj). In contrast, for PPS measurements we obtain from Eq. (11.13b 
that for fs < f < fM the meter wavefunction is 



i.e., the post-selection creates interference between the wave packets 4'Mi.q - yaj). In the case of a large y, different 
wavepackets in Eq. ( 11.70b do not overlap, and interference is practically absent in a measurement of q; therefore, a 
strong PPS measurement results in a projective measurement of a, with probability 



in accordance with Eq. ( 11.26b . In the opposite limit of a small y, i.e., for a weak PPS measurement, different wavepack- 
ets significantly overlap, and interference strongly affects the measurement results. Quantum interference is especially 
strong (and destructive), when the pre- and post-selected states, lifr) and \<p}, are almost orthogonal. This strong inter- 
ference effect explains the striking difference between the weak value and Eq. (11. 59b . 

Thus, it is the interference in the meter state that is the reason for unusual weak values. Let us discuss the physical 
origin of this interference. As mentioned above, after correlating the system and meter, there is no interference in 
the meter state, as implied by ( 11.13b . The reason for this is that different wave packets (/'m(? - Tfl/) are "tagged" by 
the mutually orthogonal system states and hence can be completely distinguished by measuring the observable A, 
even though they can significantly overlap each other. In contrast, a measurement of system S with a post-selection 
transforms the state of the system and meter into a product state, thus eliminating any correlation between the system 
and meter Now, unless the meter is measured, an observer even in principle cannot obtain information in which wave 
packet the meter is located, which results in interference between different wave packets in Eq. (11.70b . 

1.5.4. Sut7i rule for weak values 

To provide a further insight into how complex and/or very large weak values and amplification result from the 
post-selection, we mention an interesting property of weak values, which can be called the "sum rule". 

The result of a weak standard measurement [cf. Eq. ( Il.l6b 1 is the expectation value of the linear-response results 
of weak PPS measurements [cf. Eq. ( 11.41b or ( ll.52b l corresponding to all subensembles resulting from the post- 
selection measurement of the quantity B (cf. Fig. |2]i. The weights in the above expectation value are provided by the 
probabilities of different outcomes of the measurement of B, given approximately by Pf - K0,|(/r)p, where \(f>i} are the 
eigenvectors of B. The linearity of the response of the pointer for weak measurements ensures that A is an expectation 
value of the weak values corresponding to different subensembles. Indeed, it is easy to obtain the following relation. 




(1.70) 



~ \aj{<p\aj)\^ = \{cf>\aj){ajm\ 



(1.71) 




(1.72) 
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yielding the sum rule jl 19|] 



J]pfA,,,=A, (1.73) 



where 

p^-mn\ = (1.74) 

Equation ( 11.73b shows explicitly that, though weak values can be complex and very large, their average over all 
subensembles is a usual value of A. In the special case B — A, the sum rule ( 11.731 1 reduces to Eq. ( I1.17l i. 

The magnitudes of the contributions from different subensembles in the sums in Eq. ( I1.72l i have the same upper 
bound, \{\l/\(pi){(pi\A\ijj)\ < \(pi\A\\lj)\ < \\A\\, where ||A|| is the norm of A given by the maximum of the magnitudes of 
the eigenvalues of A (here ||A|| is assumed to be finite). In contrast, the weak values given by the fractions in the last 
sum in Eq. ( 11.72b diverge when the overlap K0,|i/')| tends to zero. Correspondingly, the pointer deflection is strongly 
amplified in this limit. This amplification increases the signal-to-noise ratio (SNR) with respect to technical noise 
and hence is very useful. However, since this amplification is achieved in a relatively small number of measurements 
proportional to K0,|i/')p, the SNR with respect to quantum noise in weak PPS measurements is of the same order as in 
standard measurements [SOj (for details see Sees. l4.6.Tl and l4!972] l. 

It is easy to see that the sum rule ( 11.73b holds also for a mixed initial state, as one should expect. In this case, in 
Eq. ( fLTST l we have A = Tr(Ap) and [cf. Eqs. ([T3]i and (fT38T ll 

Pi = {(f>i\p\<Pi), K'i = I ■ (1-75) 

1.6. Experimental realizations of weak PPS measurements 

The general scheme of performing PPS measurements was described in Sec. 11.3.41 Note that the choice of systems 
suitable for use as a meter is much broader for weak (standard and PPS) measurements than for strong measurements. 
Indeed, to perform a projective measurement of a variable A with n^ unequal eigenvalues, one requires the meter to 
be a c/M-level system with c/m ^ "a- This is necessary for correlating n^ eigenstates of A corresponding to the unequal 
eigenvalues with orthogonal meter states [cf. Eq. (I1.13b l. in order to obtain from the measurement the maximum 
information allowed by the projection postulate. In contrast, weak standard and PPS measurements provide such 
parameters as A and A„„ respectively, which contain much less information than ideal measurements. In consequence, 
for weak standard and PPS measurements of any system one can use any other system as a meter, including a two- 
level system (a qubit), see Sec. 17.31 Moreover, the choice of meters is broader for weak PPS measurements than for 
weak standard measurements. For example, meters with = F are not suitable for weak standard measurements (see 
below Secs. l2.1l and l3.1b but are suitable for weak PPS measurements [cf. Eqs. ( 11.42b and ( ll.54b l. 

Below we overview various experiments on weak PPS measurements. 

In their seminal paper [24], AAV proposed to perform weak PPS measurements using a Stern-Gerlach setup, 
where the shift of the transverse momentum of the particle, translated into a spatial shift, yields the outcome of the 
spin- 1/2 measurement. The meter now is a particle performing one-dimensional free motion, the input and output 
variables being 

F^q, R^p. (1.76) 

Postselection of the spin state in a certain direction can be performed by another (now strong) Stern-Gerlach coupling 
which spUts the particle beam. The analysis of the required beam provides the result of the weak PPS measurement. 
The meters associated with the two measurements should be implemented by two independent systems (here two 
transverse translational degrees of freedom); this is achieved by arranging the shifts due to the two Stern-Gerlach 
devices to be orthogonal to each other. 

An optical analog of the above Stern-Gerlach experiment was proposed in Ref. and realized in the first 

experimental study of weak values, Ref. [70] . In this experiment, the system of interest is the optical polarization 
rather than a spin 1/2. The polarization of a light beam is weakly coupled to a transverse degree of freedom of the 
beam by a birefringent plate, whereas the pre- and post-selection are performed by polarization filters. In this setup, 
the meter variables are given by Eq. ( 11.12b rather than Eq. ( 11.76b . Moreover, in Ref. iItoIi A is the projector on a 
state with a linear polarization, and y is the birefringence-induced separation. Figure 2(b) in Ref. H and Eq. (fTlTl l 
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imply that Ritchie et al. ItoIi obtained a real unusual weak value A,v » 20, which is very far outside the range of the 
eigenvalues (0, 1). 

Knight and Vaidman 111 051] proposed a slightly different optical realization of the AAV experiment, which uses a 
birefringent prism instead of a plate; as a result, the meter variables are given now by Eq. ( 11.761 1. This experiment was 
performed in Ref. 17311 . where results similar to those in Ref. |70] were obtained. 




Figure 4: (color online). Schematic diagram of the experiment on measuring weak values in Ref. \ H(f]. The figure is reprinted from Ref. (69| 



A typical scheme of a weak PPS measurement is given by Fig. |4] which shows the schematic of the experiment 
In this experiment, the system S is the photon polarization, whereas the meter is a transverse degree of freedom 
of the photon, the meter variables F and R being given by Eq. (11.12b . In Fig. |4] the pre- and post-selection are 
performed by the polarizers, which are almost crossed, whereas the prism in between provides a coupling of the 
system and the meter due to the spin Hall effect of light. The initial wave packet along the meter coordinate is shown 
on the left in Fig.|4] After passing through the prism, the wave packet becomes a superposition of two slightly shifted 
wave packets with mutually orthogonal polarizations [cf. Eq. (II. OH . The post-selection produces a strong destructive 
interference of the wave packets [cf. Eq. (I1.70b l. resulting in a wave packet with a significantly reduced intensity but 
with a strongly enhanced shift. 

In the case studied in Ref. jSOll . the above simple picture is complicated somewhat by the presence of a nonzero 
meter Hamiltonian (see the discussion of the Hamiltonian effects in Sec. 17.2.41 ). Using weak PPS measurements, 
Hosten and Kwiat |80] succeeded to detect the prism-induced w ave-packe t shift of 1 angstrom and thus to measure 



the very weak coupling produced by the spin Hall effect of light 1 129l - ll31ll 



Until now, a large body of experimental work on weak PPS measurements has been made and a great 

variety of physical systems, couplings, and experimental setups have been used. Most of the experiments were 
performed in optics, except for one [71], which was done in NMR. Those optical experiments that use low-intensity 
light allowing for detection of single photons are evidently non-classical | Til 77. TSl HH 112. US Islll, whereas 
other experiments, which use intense optical beams ifTOi 72 -[76, 79, 80, 83-871 I89Il admit both classical and quantum 
interpretations. 

A linear classical optical experiment can be always interpreted quantum-mechanically, in terms of single photons. 
Indeed, photons in laser beams are prepared in a coherent state and behave independently in linear optical systems; 
hence the in tensity measurements one performs are guaranteed to be the same for coherent states as for single-photon 
states II132II . Note that the theory in Ref. 1 133] is purely classical. In Sec. [12] we provide a quantum interpretation of 
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the experiment in Ref. 01 3311 : this interpretation is based on the nonlinear theory of weak PPS measurements, which 
is developed below. 

Irrespective of the interpretation adopted, the "weak-value approach" for designing experiments is not conven- 
tional in classical physics and thus can lead to new results for classical systems. For example, the enhanced shift of 
the light-beam distribution in the coordinate or m omentum space by passage through a (post-selection) filter is essen- 
tially a new classical interference effect ITSl llOS I. Furthermore, recent wea k PPS measurements were applied in new 
classical optical interferometric techniques for beam-deflection (85), phase lll33ll . and frequency lf86ll measurements. 
The systems for which weak values were measured involved spin 1/2 f?!*], photon polarization fl^ 72-75, 77 . 
[87l|88t], photon which-path states in a Sagnac Il83|-| 8 6l| and a three-rail Mach-Zehnder Ii76.1 interferometers, a 



90l|911], and which-path states of two photons in a pair 



transverse translational degree of freedom of the photon 1 79[ 
of Mach-Zehnder interferometers 11811 18211 . 

The meters used in the experiments included, in particular, (a) systems with continuous variables F and R: a 
transverse [T^, 73|J26. 79 . 83183-87] and the lon gitu dinal iItsIi translational degrees of freedom of the photon, (b) 



9111 . and which-path states in a Mach-Zehnder interferometer 



a qubit: spin 1/2 f71], photon polarization ll77ll88Ll9C 
07211 . and (c) tw o qub its: the positions of two photons on the two sides of a beam splitter 1.78.1 (in the Hong-Ou-Mandel 



interferometer 1113411 ) and the polarizations of the two photons 08 IL 18211 . 

The coupling between the system and meter was created, in particular, by a tilted birefring ent p late I TOi 871. a 
birefringent prism 1.73.1 . retarders (a Soleil-Babinet compensat or [|72ll. a birefringent optical fiber ll75ll . and a birefrin- 



the spin Hall effect of light 



9111 . and an Ising-type spin 



.E;ent plate |l78l|90D), a tilted glass plate Il76l|79|], a tilted mirror II83M85I1 . a glass pri sm jS t 
lISOll . a nondeterministic photon-entangling circuit ||77, 88], a polarization rotator i8lll82 . 
couphng 117 ill . 

In the above experiments, the system and meter were prepared in pure states, except for Ref. IstIi . where effects 
of a mixed meter state were studied. 

As discussed above, in the present paper we adopt a conventional approach to weak PPS measurements, based on 
an extension of the von Neumann model (see Fig. O. For completeness, we mention that there exist also somewhat 
different approaches to weak values, which do not involve explicitly the von Neumann model an d em ploy instead such 
theoretical tools as PO VM a nd measurement operators 161, 93. 106,1 . negative probabilities 09211 135,1 . and contextual 



values of observables 010211 . In particular, weak values for continuous measurements in qua ntum optics 01O6 



solid state (9^ were considered, and an experiment on cavity quantum electrodynamics f 136*] was interpreted 
in terms of weak values. A more detailed discussion of these approaches is out of the scope of the present paper. 



and 



1. 7. Applications of weak PPS measurements 

Weak PPS measurements possess a number of unique features, which make possible a host of important applica- 
tions. Such measurements can play, at least, two different roles. 

First, weak PPS measurements can be employed with the aim to obtain the weak value of an observable. The fact 
that a weak PPS measurement disturbs the system only slightly in the interval between the pre- and post-selection 
allows one to obtain information about the undisturbed behavior of the system in that interval. Therefore, weak values 
have been used to shed new hght on a great variety of quantum phenomena, especially those related to fundamentals 
of quantum mechanics. 



Second, weak PPS measurements can produce strong amplification of the pointer deflection 02411 . owing to the 
fact that the weak value can become arbitrarily large when the overlap of the initial an final states {4>VIj) is sufficiently 
small, cf. Eq. ( 11.41b . Correspondingly, in its second role, a weak PPS measurement acts as a peculiar amplification 
scheme, rather than a "proper" measurement of an observable. This amplification is one of the most important features 
of weak PPS measurement s, since it can b e exploited for different uses, e.g., to produce superluminal light propagation 
and slow light l74l |75L l78ll 1 04i 1 1 2811 . Moreover, the amplification can yield experimental sensitivity beyond the 
detector resolution and thus can be used for measuring weak physical effects responsible for the coupling between the 
system and the meter, as well as for precision measurements of other parameters characterizing the system and the 
meter. 

Furthermore, the weak value can be a complex number, which has important consequences for weak PPS mea- 
surements. It is interesting that a complex weak value is always unusual, irrespective of its magnitude, whereas a 
real weak value becomes unusual only when it is outside the spectrum of the observable. The terms proportional to 
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ImAn, entering Eqs. d 1 A2\ and ( 11.521 ) have no analogues in standard measurements. As a result, in particular, the 
class of meters which can be used for weak PPS measurements is broader than the class of meters appropriate for 
weak standard measurements. For instance, meters with commuting F and R (and, in particular, with F = R) cannot 
be used for standard measurements, but they can be used for weak PPS measurements [cf. Eqs. ( 11.421 ) and ( ll.54l il; 
this point is discussed in more details in subsequent sections. Moreover, the terms involving lmA„, are proportional 
to a factor characterizing the classical correlation between F and R. This correlation provides an independent source 
of enhancement in addition to the amplification due to A„, mentioned above ifsoll . as discussed in detail in subsequent 
sections. 

Experiments on weak PPS measurements have involved various interesting applications, all of them being related 
to unusual weak values. In particular, such measurements were used to elucidate quantum retrodiction (i.e., "predic- 
tion" about the past) paradoxes with pre- and post-selection, such as the three-box problem 1 126] and Hardy's paradox 



1 137l] . Such problems show vividly that in quantum mechanics it is difficult to answer the question what is the value 
of a physical quantity in the middle of a time evolution, especially for a PPS ensemble. Weak PPS measurements 
are very well suited to answer such questions by two reasons. First, strong measurements utterly change the time 
evolution, and hence their results are loosely related to the evolution in question, whereas weak measurements almost 
do not affect the evolution. Second, in contrast to the results of strong PPS measurements, weak values do not depend 
on the measurement context, just as the standard (preselected) measurements. Indeed, due to the fact that A„ is linear 
in A, the contributions to A„ from different projec tors i n Eq. (11.60b are independent of each other 

Consider, for instance, the three-box problem lll26ll . One can ask the question, in which box the particle is located 
in between the pre- and post-selection. Strong PPS measurements, being contextual, do not provide an unambiguous 
answer to this question [cf. Eqs. (I1.32b -( ll.34b l. In contrast, in weak PPS measurements, which are not context depen- 
dent, the "weak probability" (D,),,, (with D,- - is determined uniquely for each state |/). In particular, consider 
the above case, when the pre- and post-selected states are Eqs. (11.28b and d 1.29b . respectively. In view of paragraph d. 
in Sec. ll.5.2l and Eqs. (11.32b and (11.33b . we obtain that 

(ni)„ = (Hz).. = 1. (1.77) 

Moreover, Eq. ( 11.77b together with the normalization condition (11.62b . which becomes now (Ililu +dl?),, +(11^),,, = 1, 
yield that 

(n3).- = -i. (1.78) 

Thus, the outcomes (11.77b of weak PPS measurements are consistent with the paradoxical results (11.32b and (11.33b . 
rather than with Eq. (11.34b . The outcome (11.78b for box 3 is no less paradoxical, since it is a negative weak probability 
and hence an unusual weak value. The results (11.77b and (11.78b were verified experimentally in Ref. |76]. 

Hardy's paradox is a contradiction between classical reasoning and the outcome of measurements on an electron 
and a positron in a pair of overlapping Mach-Zehnder interferometers (MZI) Il37il . It is a variation on the concept 
of interaction-free measurements [139]. The scheme of Hardy's gedanken experiment and a description of Hardy's 
paradox are given in Fig. |5] In the case of interest, when the detectors and D are triggered simultaneously, the 
joint probabilities of different paths taken by the two particles in the interferometers can be obtained with the help of 
weak PPS measurements [140,] . Namely, let f ,y„, denote the weak probability that the positron and electron go through 
the arms ; and j, respectively. Here j = O, N, w here O (N) corresponds to the overlapping (non-overlapping) arm of 
the respective MZI. Then the theory predicts that il40|] 

Poo.' = 0, PoN,v = Pno^v = 1 , Pnnw = - 1 . ( 1 .79) 

Here the values of the three latter probabilities are paradoxical. As in the three-box problem, two of these probabilities 
equal one, whereas the third probability is negative. Equation ( 11. 79b was verified in experiments on photons performed 



inRefs. 1811182]. 



An important feature of the experiments ] 81 , 82[] on Hardy's paradox is that there the authors performed joint weak 



measurements, i.e., obtained weak values of two-particle variables, which are products of one-particle variables. These 
measurements were performed by two different methods: by calculating the correlations between the pointer variables 



for the two photons 118 111 and by using an entangled state of the two qubits (the photon polarizations) comprising the 



meter i82|] . There is also a proposal of performing a joint weak PPS measurement of two qubits with a one-qubit meter, 
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Figure 5: (color online). Schematic diagram of Hai'dy's gedanken experiment. The setup consists of a pair of overlapping Mach-Zehnder interfer- 
ometers (MZI). In each MZI, there is an arm, overlapping with the other MZI, and a non-overlapping arm. In the absence of the other particle, the 
electron (positron) entering the MZI, as shown in the figure, can only emerge towards the detector (C^). When both particles enter the setup 
simultaneously, the presence of one of them in an overlapping arm disturbs the motion of the other particle — the same effect as in interaction-free 
measurements; as a result, the latter particle may trigger the coiTesponding detector or D . Assuming the existence of "realistic trajectories" 
leads to Hardy's paradox, as follows. Quantum mechanics predicts a nonzero probability of simultaneous triggering and D . One should 
infer that in this case both electron and positron have gone through the overlapping arms. However, this is impossible due to the fact that, when 
trave ling a long the overlapping arms, electron and positron should meet in the annihilation area and destroy each other The figure is reprinted from 

Ref. flaai. 



using trapped ions Ol 1411 . Weak PPS measurements of multiparticle observables can have important applications in 
the future, e.g., for the probing and characterization of one-way quantum computing, which involves pre- and post- 
selected multiparticle states, such as cluster states 

Furthermore, the weak- value approach was employed to elucidate the complementarity between wave and particle 
behavior in Young's double-slit experiment (l^. The measured weak value of the momentum-transfer distribution 
took both positive and negative values and by virtue of this was shown to be compatible with two conflicting claims 
concerning the complementarity lll4ll 11421]. R ecentlv. weak PPS measurements were applied to obtain information 

_ ^ . . rrn, T _ _ , ■ _.c rrr,-, . • _.c 



on the wavefunction of a quantum particle 1190119 111 . In particular, the proposal in Ref. [101] was realized in Ref. f9j 



where weak PPS measurements were used to obtain average trajectories of single photons in a double-slit interferom- 
eter. In Ref. jgill . the transverse spatial wavefunction of a single photon was directly measured with the help of weak 
PPS measurements. Lundeen et al. |'9l'] also showed how their technique can be extended for directly measuring the 
quantum state of an arbitrary quantum system. 

The shift of the pointer distribution due to weak PPS measurements (see Sees. II. 4T1 11.4.21 and l8.2l l in the cases 
when the weak value is unusual can result in both superluminal propagation and slow light, as was demonstrated 
experimentally in Refs. [74, 75, .78i1 ; see also discussions in [67, 104, 128J. Applications of we ak va lues to optical 
communications were discussed in Refs. 17417511 10711 . Moreover, weak values are closely related lll28ll to the method 
of measuring the tunneling time, which involves the so called "Larmor time" (a recent review on the tunneling time 
and superluminality see in Ref. lJ43i1 ). 
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As mentioned in Sec. 11.5.31 one of the most important applications of weak PPS measurements is strong amplifi- 
cation of the measurement result in comparison to standard measurements. In particular, this amplification allows one 
to measure very small values of the coupling strength y and thus to obtain information on weak effects responsible 
for the system-meter coupling, as, e. g., s mall differences in the indices of refraction |7d.l72ll73L 75 l.l78Ll87r . the spin 



Hall effect of light [80], a mirror tilt Il83l - |85L I891. and an Ising-type spin coupling [71]. In Ref. |86j an amplification 
factor of 80 was achieved in optical frequency measurements, which can be used in high-resolution relative frequency 
metrology and for laser locking. 

In the early studies, complex weak values attracted much less attention than real weak values. In particular, 
until recently, weak PPS measurements were performed only with real weak values. However, in recent years the 
situation began to change. Jozsa ill lOll revealed theoretically a term proportional to Im in the coordinate deflec- 
tion. Moreover, recently a number of experiments using imaginary weak values were performed HilHilii. in 



such experiments, the amplification is enhanced in comparison to experiments with real weak values. Namely, in 
experiments with imaginary weak values, the total amplification coefficient is a product of the (proper) amplification 
coefficient due to a large weak value and the enhancement factor due to correlation between the meter variables F and 
R (see the discussion in Sees. 14.61 and 17. 2l i. The total amplification does not increase the signal-to-noise ratio due to 
the quantum noise, but can strongly reduce the effects of technical errors ifsoll (see Sec. 14.91 1. 



Using imaginary weak values, very precise measurements were made. For example, Hosten and Kwiat |8C| 
detected a light-beam displacement of 1 angstrom, on amplifying it by a factor of 10"*, whereas Dixon et al. 183 1 
measured a mirror-actuator travel of ~ 10 fm and the mirror angular deflection of 400 frad. Turner et al. [89] adjusted 
the scheme of Ref. [83] for the use in torsion balance experiments in gravity research; they demonstrated picoradian 
accuracy of deflection measurements. Brunner and Simon [117] showed that in measuring small longitudinal phase 
shifts, the use of imaginary weak values has the potential to outperform standard interferometry by several orders of 
magnitude, whereas standard interferometry greatly outperforms weak PPS measurements involving real weak values. 

Unfortunately, for a given value of the coupling strength y, the amplification cannot be made arbitrarily strong, 
since the linear-response results, such as Eqs. ( I1.41l i. (I1.42l i. and ( ll.52l i. fail when |yA„,| becomes sufficiently large [cf. 
the condition (ll.44l i]. It would be of interest to develop a theory of weak PPS measurements which holds to all orders 
in yA„., since such a theory would allow one to perform measurements under optimal conditions, where the magnitude 
of the pointer deflection is of the order of the maximum. Such a theory is developed in subsequent sections. 

1.8. General theory of weak PPS measurements 

In Sec. [3] and henceforth we develop a general theory of weak measurements with pre- and post-selection, which 
extends the existing theory in several respects. In particular, 

(i) we derive results valid for any value of yA„, 

(ii) we obtain formulas for arbitrary meter variables F and R, 

(iii) we consider arbitrary, pure and mixed, initial states of the system and the meter, 

(iv) we discuss both the average and the distribution of the pointer variable R. 

Our main results include the following: 

1 . We derive a simple and general formula for the average value of the meter pointer deflection, which holds for 
all orders in the weak value and for arbitrary system and meter 

2. We reveal that there are three qualitatively different regimes of weak PPS measurements: in addition to the 
AAV linear-response regime, there exist also the inverted region (the limit of very large weak values) and the 
intermediate, strongly-nonlinear regime. 



3. The optical experiment described classically in Ref. 1113311 is interpreted quantum-mechanically as a weak PPS 
measurement in the inverted region. 

4. The optimal conditions for weak PPS measurements are obtained in the strongly-nonlinear regime, since then 
the pointer deflection is maximized, and correspondingly the ensemble size is minimal. 

5. The maximal pointer deflection is independent of the coupling strength y, being typically of the order of the 
initial uncertainty of the pointer R. 

6. We propose procedures for measuring the coupling strength y and the weak value in the nonUnear regime. 
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\A.22\ 


The strongly-nonlinear regime 


Pure 
Mixed 


(14.11b or (14.121) 
(lO) or (l53Tl 


\A.21\ 
\5.2\\ 


The inverse region 


Pure 
Mixed 


(|4.24|l 
(|5.20ll 


(14.231) and dO 
(15.181) and (15.151) 


The resonance for 1^1 » AF 


Pure 


(|4.64| 


(14.621) and (14.631) 


Mixed 


(l5.23ll 


(14.621) and (14.631) 



Table 3; Some of the main results of the present theory for the average pointer deflection in weak PPS measurements. 



7. The amplification due to weak PPS measurements is generally a product of the proper amplification, which 
increases the quantum signal-to-noise ratio (SNR) in post-selected systems, and the enhancement which does 
not change the quantum SNR. 

8. The measurement enhancement arises due to the correlation between the meter variables F and R\ moreover, 
we find that generally q and p are correlated whenever the phase of the meter state in the p or q representation 
is nonlinear in the corresponding variable. 

9. In the case of a mixed preselected state, in addition to Ay,., an associated weak value A^,' '' is required to describe 
weak PPS measurements. 

10. Beyond the linear response, weak PPS measurements significantly depend on the average value F of the me- 
ter variable F. In particular, the optimal regime is significantly different for \F\ < AF and \F\ » AF, the 
amplification being proportional to F for F » AF. 

11. All meters that are efficient for weak standard measurements are also efficient for weak PPS measurements; 
however, the converse is not true. 

12. For continuous-variable meters, we obtain the shift of the maximum of the pointer distribution for a broad class 
of initial states of the meter, and not only for a real Gaussian state, as was done previously. 

Approaches to weak PPS measurements beyond the linear response, resembling some aspec ts of the presen t non- 
perturbative theory, were developed for the special case of a continuous-variable meter in Refs. ifTTeifiliinil . 



Some of the main results of the present theory for the average pointer deflection are listed in Table [3] 
The remainder of this article is organized as follows. In Sec.|2]we provide a general theory of standard (i.e., not 
post-selected) measurements of arbitrary strength and discuss in detail weak standard measurements. In Sec.|3]we 
provide a general theory of PPS measurements of arbitrary strength. In Sec. |4]we develop a nonperturbative theory 
of weak pre- and post-selected measurements for the case of a pure preselected state. In Sec. |5]the results of Sec. |4] 
are extended to the case of a mixed preselected state. In Sec.|6]effects of the free system and meter Hamiltonians are 
discussed. In Sec. |7]we specialize our general formulas for several types of meters, including continuous-variable and 
two-level systems; we also discuss possible experiments which could verify the present results. In Sec.|8]we discuss 
the distribution of the pointer values for various types of meters. In Sec. |9]we consider in detail weak values for a 
qubit. In Sec. [10] we obtain exact solutions for PPS measurements of arbitrary strength for a qubit coupled to several 
types of meters, whereas i n Sec . fTTI we provide numerical calculations and discussions. In Sec. [12] we show that 



the recent experiments 11831 113311 are described by two limits of the same formula, obtained in this paper In Sec. [T3] 
we consider an extension of the theory to the case of a general post-selection measurement described by a POVM; 
we also obtain conditions under which PPS measurements of any strength are equivalent to standard measurements 
and discuss time-symmetry properties of PPS measurements. Concluding remarks are given in Sec. [14] The four 
Appendices supplement the main text and provide some details of the calculations. 
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2. Theory of standard measurements of arbitrary strength 



Here we provide a general theory of standard measurements of arbitrary strength. Moreover, weak standard 
measurements are considered in detail. 

2.1. General formulas for standard measurements 

Before we consider PPS measurements, let us discuss weak measurements without post-selection. Here we extend 
the results of Sec. ll.2l to the case of any canonically non-conjugate pair of the meter variables F and R and of any, 
generally mixed, initial states of the system and meter. As mentioned above, such measurements are performed using 
the standard (von-Neumann-like) scheme of quantum measurements, see Fig. [T] We assume that the coupling of the 
system and the meter is given by the Hamiltonian ( 11.8b . whereas we neglect the free Hamiltonians of the system and 
meter. We also assume a general product initial condition: at f = the state of the system and meter is p ® pM, where 
the system and meter states p and pM, respectively, can be pure or mixed. The average value of a meter observable R 
(the "pointer") at any time t > tf is given by 

Rf^Tr[{h®R)U{p®pM)U\ (2.1) 

where R is the operator representing the observable R, U is given by Eq. ( II. 10b . and Is is the identity operator for the 
system. 

It can be seen from Eq. (12.1b that, irrespective of the measurement strength y, ^/ in Eq. (12.1b equals the initial 
value ^ = Tr (Rpu), i.e., a measurement on the system cannot be performed, whenever 

[A-R] =0 or [F,Pm] =0. (2.2) 

Equation ( 12.1b can be expanded in powers of y, using the familiar expansion 

■2 2 

U^CU = C H- iy[D, C] + '-^[D, [D, C]] + ... (2.3) 

with D - A®F and C - h® R- As a result, we obtain that the average pointer deflection is given by 

;2^,2 



Rf-R^ ijA [F,K\ + [F, [F,K\] + ..., (2.4) 



where A = Tr (Ap), R^Tr (Rpu), [R, F] = Tr {[R, Fjpu), etc. 

2.2. Weak standard measurements 

For weak coupling, i.e., a small y, we can retain in Eq. (12.4b only the terms up to the first order in y, yielding 



Rf-R^yAlm [R, F]. (2.5) 

Equation ( 12.5b is an extension of the AAV result (11.16b for weak standard measurements to an arbitrary pair of meter 
variables R and F and arbitrary states of the system and meter. For canonically conjugate meter variables, [R, F] is a 
constant, and the higher-order terms neglected in Eq. (12.5b vanish, as follows from Eq. (12.4b . i.e., Eq. ( 12.5b is exact. 
An example of this case is provided by Eq. (11.16b . However, generally the higher-order terms do not vanish, and 
Eq. ( 12.5b holds only for sufficiently weak measurements. 



Let us estimate the pointer deflection (12.5b . According to the Heisenberg-Robertson uncertainty relation lll44ll . 



AF AR>\[R,F]\/2, (2.6) 
where AR and AF are the uncertainties^ of R and F in the state pu, so that Eq. (12.5b implies that 

\Rf-R\<2\yA\AFAR. (2.7) 
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Meters can be called essentially quantum when both sides of the Heisenberg-Robertson uncertainty relation j2.6l ) are 
of the same order, 

lI^Tni ~ AR. (2.8) 

Such meters are efficient for weak standard measurements, since they provide a pointer deflection, the magnitude of 
which is of the order of the maximum for given AR and AF, i.e.. 



1^/ -^1 ~ \yA\ AF AR. 



(2.9) 



Moreover, we estimate the minimum size A^o of the ensemble required for weak measurements without post- 
selection. To this purpose, we require that the squared shift of the maximum of the distribution of the sum of A^o 
pointer values be of the order of the variance of this distribution, [No{Rf - R)}^ ~ NqAR^, i.e., in view of Eqs. ( 12.5b 
and ( |Z6] ), 

\2 



No 



AR 



> (jA AF) 



-2 



(7A\[R,F]\, 

For given AR and AF, the ensemble size is minimal for essentially quantum meters, Eq. ( I2.8l l. when 

A^o ~ iyAAF)-^. 



(2.10) 



(2.11) 



3. Theory of pre- and post-selected measurements of arbitrary strength 

In this section we provide a general theory of PPS measurements, which holds for an arbitrary measurement 
strength. We consider PPS ensembles with a pure post-selected state. An extension of this theory to the case of a 
general post-selection measurement is given in Sec.fTSl 

3.1. General formulas for PPS measurements 

As discussed in Sec. 11.3.41 the pre- and post-selected (conditional) average Rg is obtained in experiments by 
performing a measurement of R for each member of an ensemble of systems prepared (preselected) in the same 
state p and then averaging only the results for the systems obtained (post-selected) in the state |0) after a projective 
measurement at f > ff . Figure[3]shows a schematic diagram illustrating pre- and post-selected quantum measurements. 

The joint probability that after a measurement the system is in the state |0) and the meter is in the state \R} is 

y'^fi = Tr[(n^®n«)p/]. (3.1) 

Here 

= 10X01, IIr^\R}{R\, pf^U(p®pM)U\ (3.2) 

where pM is the initial state of the meter. By Bayes' theorem, the probability to obtain the state \R) provided the 
system is in the state |0) is given by 

Tr[(n^®nfi)p/-] 

where - (H^) / is the probability to find the system in the state |0) at f > ff , 

n = " Tr[(n^®/M)p/] = <n^)/. (3.4) 

R 

Here in the second equality we used the completeness relation for the meter, 

(3.5) 



28 



where Im is the identity operator for the meter. The average value of the pointer variable 7? at f > tf conditioned 
(post-selected) on the measurement of the system in the state \<p} is given by 



R.^Yj^rR^^. (3.6) 

R 



Finally, inserting Eq. (I3.3l l into Eq. (13.61 1 yields that R, is given by the normalized cross-correlation function 

where the cross-correlation function (Tl^R) / is an average at f > tf, 

{n^R}f^Tr[(n^®R)pf]. (3.8) 

[For definiteness, we assumed above that the variable R has a discrete spectrum; when the spectrum of R is continuous, 
the sums in Eqs. (I3.4l i-( U!6] | should be replaced by integrals over R.] Here we neglect the free evolution of the system 
and meter; the effects of the Hamiltonians of both the system and meter are discussed in Sec.|6] 

The quantity of direct physical interest is the average pointer deflection (^j - R) rather than the average pointer 
value itself. On substituting R ^ Rc = R - R, where the operator R^ corresponds to the "centered" quantity 
Rc = R - R, i.e., the fluctuating part of R, Eq. ( 13.71 1 yields an expression for the pointer deflection, 

Rs-R^-^r^. (3.9) 

Equations (13.7b and (13.9b are the starting point for the present theory of PPS measurements. These equations are very 
similar, but one of them can be more convenient than the other for a specific application. 

PPS measurements have useful invariance properties with respect to gauge transformations of the system and 
meter, as discussed in Appendix [A] A necessary condition for a PPS measurement to yield a nonvanishing pointer 
deflection is 

AFi^O. (3.10) 

Indeed, the states pu with AF = are eigenvectors of F or mixtures of eigenvectors of F with the same eigenvalue 
F. For such cases FpM - pmF - FpM, and Eqs. ( I3.7b -( l378b yield the zero pointer deflection, Rg - R - 0, i.e., PPS 
measurements are impossible. 

In contrast to standard measurements, PPS measurements are generally possible even when the condition ( 12.2b 
holds. Hereafter, meters with [R,F] are called "standard", since such meters are suitable for standard measure- 
ments [cf. Eq. ( 12.21 )1. Correspondingly, we call meters with [R,F] = "non-standard". Examples of non-standard 
meters are meters with commuting F and R or with AR - 0. As shown below, for weak PPS measurements, non- 
standard meters provide almost the same information as standard ones. 

It may look paradoxical that meters with commuting F and R are suitable for PPS measurements. Indeed, in this 
case R commutes with the Hamiltonian ( 11.8b and hence is a constant of motion. As a result, Rf = R, and standard 
measurements are impossible (cf. the second paragraph in Sec. 12. lb . However, the post-selection makes the average 
pointer value proportional to the correlation function (Tl^R)/ [see Eq. (I3.7b l. which generally does change under 
evolution with the Hamiltonian ( 11.8b . for any F, unless |0) is an eigenstate of A. 



3.2. Expansions in the coupling parameter 

At least, for some simple cases, Eqs. ( 13.9b [or ( I3.7b l and (13.3b allow one to obtain expressions both for the average 
pointer value and for the distribution of the pointer values, which hold for an arbitrary coupling strength y. The 
resulting expressions (see Sec.[TO]and Refs. [70-72, 74, 75, 77, 79, 93, 103, 105,107]) significantly diff^er for different 
cases. Moreover, they generally do not involve the weak value A„ explicitly, are rather complicated, and can be 
analyzed only numerically. In contrast, the linear-response results discussed above in Sec. ll.4l (see also Sec. 14.4.11 are 
simple and general, and, most importantly, they provide the weak value A„. However, they hold only for sufficiently 
small values of lyA,, !. Fortunately, as shown below, for weak PPS measurements it is possible to obtain simple 
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and general expressions, which involve A^, explicitly and hold for arbitrarily large values of IjAh]. To derive these 
expressions, we expand the numerator and denominator of Eq. ( 13. 9t in the parameter y, as follows. 
From Eq. ( 13.81 ) with R replaced by Rc, we obtain that 

{n^Rc}f^Tv[U^'CU(p®pM)] (3.11) 

with C = (g) Rc- Then we use the expansion ( 12.3b . where consecutively embedded commutators are expanded by 
the formula (see AppendixlBb 

[D,...[D,C]...] = Y^(-lf(^^D"-''CD\ (3.12) 

to obtain the formula 

where the overbar stands for the average over pM, so that (5 = Tr (Opm) for a meter operator O. The quantity (II^) / is 
calculated similarly to Eq. (13.13b with C -li^® Rc replaced by C = i8> /m, yielding 

<n^>/ - Z ^ I^^Ml) (^V-*),,. (3.14) 

For completeness, we show also the expansion of (Yl^R) / obtained similarly to Eq. ( 13.13b . 

{Yl^R)f ^Yj'-\ YS-^^\k] F"-«RFK (3.15) 

;i=0 k=0 ^ I 

An advantage of using Eq. (13.9b instead of Eq. (13.7b is that in the expansion (13.13b . in contrast to Eq. ( 13.151 ). the term 
with n = vanishes. 

In the next section we will consider the important case when the system is preselected in a pure state so that 
p - whereas the meter state pM is generally mixed (the case of a mixed preselected state is discussed in Sec.|5]l. 

In this case Eqs. (13.13b and (13.14b yield that 

{n^Rc)f = K0|iA)l'{2r Im(^A,,) + r'l^^lA,/ - Re[^(A2),,]) - yhmiF^A.AAX + R^iA^m + ..., 

_ _ (3.16a) 

<n^)/ = + 2rFImA„, + y^F^J^ - R^(A\] - y'F' Im [AJAX + (A\/3]} + .... (3.16b) 

Here iA")^. = (A")^^ / {(pltp) [cf. Eq. (I1.36b l and the dots denote the terms of fourth and higher orders in y. 

4. Weak pre- and post-selected measurements: Nonlinear theory 

In this section we develop a nonperturbative theory of weak PPS measurements for the case of a pure preselected 
state. This theory serves as a basis for discussion of many aspects of weak PPS measurements in the following 
sections. Extensions of this theory to the cases of a mixed preselected state and a general post-selection measurement 
are given in Sees. |5] and [T3] 

4.1. Validity conditions for weak PPS measurements 

The crucial point that allows us to treat weak PPS measurements nonperturbatively is the fact that, in the limit 
{<p\iff} — > 0, only terms of orders higher than one survive in Eqs. (13.16b . Therefore for a sufficiently weak system-meter 
coupling, one can neglect in Eqs. (13.16b terms of third and higher orders; however the second-order terms should be 
retained since they may dominate the zero- and first-order terms, at least, in the most interesting case \{<p\i(f}\ <sc 1. 
As a result, for this situation of weak PPS measurements, we are able to obtain a simple analytical formula valid for 
arbitrarily large weak values (Sec. 14.3b . 
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Here we derive validity conditions for weak PPS measurements. To this purpose, we estimate the terms in the 
expansions ( 13.161 1. To obtain the validity conditions in a simple form, we will make several simplifying assumptions, 
which hold, at least, for some typical cases. 

We begin with the expansion (I3.16bb . The magnitudes of «th-order terms in Eq. (I3.16bl i are of the order of 

lr"(AV(^'"*W^I (o<^<«), (4.1) 

k being an integer In weak PPS measurements \A^^\ is typically sufficiently large. For simpUcity, we assume that 
\A^^\ is so large that 

l(A"VI < lA^^I". (4.2) 

This holds, e.g., when \A^^\ ~ ||A||, where the norm ||A|| of A is the maximum of the magnitudes of the eigenvalues of 
A. We also assume that 

\F^\ < (AF)", (4.3) 

where Fc - F - F . Equation ( 14.31 1 implies that 

\F"\ < {\F\+AF)". (4.4) 

Using Eqs. (14.11) . ( 14.2b . and (14.4b . we obtain that the terms in Eq. (I3.16bb of orders higher than two are negligibly 
small in comparison with the second-order terms under the weak-coupling condition, 

A* = IrA^^KFI+AF) « 1. (4.5) 

Here ^ is the small parameter of the present theory. 

Consider now the expansion (I3.16ab . The magnitudes of nth-order terms in Eq. ( I3.16ab differ from Eq. (14.1b only 
by the replacement 

J" F'^RcF"-'' iO<k< n). (4.6) 



The estimation of the moments F'^RcF"^^ is simple for canonically conjugate F and R, but is rather intricate in the 
general case. As shown in AppendixICl the terms in Eq. ( I3.16ab of orders higher than two are negligibly small under 
the above condition ( 14.5b . The assumptions used to derive this result are given in AppendixICl 

The small parameter of the theory ju in Eq. ( 14.51 ) has a simple physical meaning: is an estimation of the exponent 
jA® F of the unitary transformation ( 11.101 ). Thus the validity condition of the present theory ( 14.5b is a requirement 
for the weakness of the unitary transformation ( II. 10b . The condition ( 14.5b simplifies in two cases, 

\yA^^\AF « 1 {\F\<AF), (4.7a) 
\yA^^F\ « 1 (|F|>AF). (4.7b) 

4.2. Quantifying the strength of a measurement 

In the experiments performed so far, the conditions were chosen in such a way that F was zero, either exactly or 
effectively. Here we allow for F i^Q.To understand the effects of a nonzero F, we recast the Hamiltonian dl.Sb in the 
form 

H = g{t) A®Fc+ g(t) FA. (4.8) 

Here obviously only the first term on the rhs can correlate the system and the meter, whereas the second term is 
responsible for a unitary transformation of the system alone. Correspondingly, the unitary transformation ( II. 10b splits 
into two factors relating to the two types of the evolution. 

The evolution due to F occurs simultaneously with the coupling evolution and hence affects the results of PPS 
measurements, the effect of F increasing with \F\. In particular, weak PPS measurements are in a qualitatively dif- 
ferent regime for \F\ » AF than for 1^1 < AF (see Sec. 14.81 ). However, as shown below, it may be beneficial for 
experimentalists that F have a nonzero value, such as, e.g., \F\ ~ AF or even 1^1 » AF. 

The two conditions (14.71 ) ensure the weakness of the two types of evolution shown above. Thus, the small pa- 
rameter of the theory /j in Eq. ( 14.51 ) is the sum of two small parameters, which have different physical meanings. 
Namely, 

fio = \yA^^\ AF (4.9) 
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quantifies the degree of correlation between the system and the meter or, in other words, the measurement strength, 
while 

//I = \yA^^F\ (4.10) 
characterizes the strength of the unitary transformation due to F. 

4.3. General nonlinear formula for the average pointer deflection 

Under the condition ( I4.5l l the terms of orders higher than two can be neglected in Eqs. ( 13.161 1. Moreover, the terms 
involving (A^)„ can also be neglected in Eqs. ( 13.161 ), since, in view of Eq. ( 14.21 ). (A^)„, <K \A^J^ in the most interesting 
case K0|i/')| <K 1, whereas for \{(p\ilj)\ ~ 1 all second-order terms are negligibly small due to the conditions (I4.2l i and 
(l43T l. Then we obtain from Eqs. ( l3T9b and ( 13.161 ) that 



^ ^ _ 2y Im ( R,FA,,) + FR,F \AJ' ^^^^^ 
1 +2yf'ImA„ +y2'F2|^^^,|2 

the numerator and denominator of Eq. ( 14.111 1 being approximately equal to (Tl^Rc) //{{(pltl^)]^ and {Yl^)f/\{(l)\il))\^, re- 
spectively. The approximation (14.11b may fail when both terms in the numerator are vanishing or anomalously small 
or if they cancel, exactly or approximately; then the (A^)„, terms and perhaps higher-order terms [see Eq. (13.161) 1 
should be taken into account. However such cases are of little interest, since then Rs - Ris very small. 
It is easy to see that Eq. (14.1 11 1 can be recast in another form. 



^ ^ R + 2jlm{RFA,,) + y'FRF\AJ' 
1 -I- 2yFIm A„, +y2'F2 |^^,|2 

which can sometimes be useful. The general nonlinear formula ( 14.1 lb [or ( I4.12b 1 is one of the main results of the 
present paper. The remainder of the paper is devoted to a discussion and to extensions of this formula. 

Equation ( 14.1 lb holds to all orders in the weak value. It is remarkable that, according to Eq. ( 14.111 ). weak PPS 
measurements depend on A only through one parameter A^, (at least, for a pure preselected state). Moreover, weak 
PPS measurements depend on y and A^, through the product yAit. Equation ( 14.111 ) shows that the average pointer 
deflection as a function of y|Ait| can have Lorentzian and dispersive lineshapes as well as linear combinations thereof 
(see also numerical calculations in SecfTTb. 

4.4. Regimes of weak PPS measurements 
Consider the limiting cases of Eq. (14.11b . 

4.4.1. Linear response 

In first-order (Unear in y) approximation, Eq. (14.11b yields the result, which we write in three equivalent forms, 

Rs-R = 2yIm(^A„) (4.13a) 
= 2y|^A„,|sin(0-H0o) (4.13b) 
= yim [R,F] Re A,, -H 2y o-fR ImA^^., (4.13c) 

= argA,„ Oo^argRj, (4.14) 



where 



[RcF] {R,F} 

o-FR = — - — = — RF, (4.15) 

and {,) denotes the anticommutator Equation (I4.13cb results from Eq. ( I4.13ab . on writing RcF as a sum of a real and 
an imaginary terms, 

Kf = crFR + (4.16) 
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The quantity a-fn in Eq. ( 14.15b is the quantu m an alogue of the covariance between the variables F and R\ crpi^ is a 



measure of the correlation between F and R 114511 . Under the present assumptions, each of Eqs. (14.13b describes in 
the most general form the linear response for weak pre- and post-selected measurements. In particular, Eq. (I4.13cb 
contains as special cases the previous results on the weak value 1 24 , 1 lOll . Equation ( I4.13bb shows that the magnitude 



of the linear response is maximized when the weak-value phase is given by 

g^-0Q + l — —L. (k^O,+l,...). (4.17) 
In contrast, linear response vanishes for 

6 = -0o + kn (A: = 0,+l,...). (4.18) 

The first term in Eq. (I4.13cb . involving Re A,,., is an analog of Eq. (12.5b . differing only by the replacement A — > 
Re . This term is purely quantum, since it vanishes for commuting F and R. More generally, it vanishes for 
non-standard meters: [R, F] - 0. In contrast, the second term, involving Im A„ , has no analog in weak measurements 
without post-selection; it arises for correlated F and R, and hence it generally does not vanish for commuting variables. 

Recall that for standard measurements, the average pointer deflection was estimated above with the help of the 
Heisenberg-Robertson uncertainty relation ( 12.6b . Similarly, weak PPS measurements are closely related to the gener- 
alized uncertainty relation given by Eq. ( IC.5b or 



ARAF > \R,F\ = 



[R,F] 



+ (4.19) 



where we used the relation RcFc - RcF. Equation (14.191 ) is used below for estimation of the average pointer deflection 
(see Sec. 14. 5b . Since | RcF \ can be much greater than | [R, F] \ [cf. the equality in Eq. ( |4.l9b 1. a comparison of Eqs. ( 12.5b 
and ( I4.13bb shows that the average pointer deflection in weak PPS measurements can be strongly enhanced relative to 
that in standard measurements. Notice that this enhancement is independent of the amplification due to a large weak 
value discussed by AAV |24] (for further details see Sec. 14.6b . 

The necessary condition for the validity of linear response, Eqs. ( I4.13ab - f4.13cl ). is that the denominator of 
Eq. ( 14.111 ) is close to one, which holds for 

|yA,,|(F2)'/2« 1. (4.20) 

The same condition allows one to neglect the quadratic term in the numerator of Eq. ( 14.11b if the linear term is not too 

small. Since 

F^ ^ P + (AFf, (4.21) 

Eq. ( 14.201 ) is equivalent to the condition 

\yAJ(\F\ + AF) « 1. (4.22) 

4.4.2. Inverted region ( the limit of very large weak values) 
In the opposite limit of very large weak values, 

\yAJ(\F\ + AF) » 1, (4.23) 

Eq. ( 14.11b yields that 

FRcF 2 , R^ 2FFRcF ^ 1 
R,-R ~ + ^^Im^ + =^Im — . (4.24) 

f2 ypl Al, y(F2)2 Av„ 

The first term on the rhs of Eq. (14.24b is the value of the pointer deflection for A„ = oo, i.e., for orthogonal \<p} and 
Thus, the case of orthogonal pre- and post-selected states provides no information on the system. 

In the limit of large weak values, the contribution to the average pointer deflection due to the system-meter cou- 
pling is small [see the last two terms in Eq. (I4.24b 1. The region (14.23b can be called the inverted region, since here the 
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meter deflection depends on the weak value inversely, this dependence decreasing with the increase of the measure- 
ment strength. 

Equation ( 14.24b can be also considered as a first-order expansion of the pointer deflection in the overlap 
Correspondingly, the condition ( 14.23b can be recast as 

\{m\ « IrA^^I (Fl + AF). (4.25) 

The regime ( 14.231 ) is well suited for measuring very small values of {4>\iff} (see also Sec. |4.9.3] l. The inverted region 
( 14.23b has not been discussed explicitly until now. However, the interferometric method of phase measurements 
demonstrated experimentally in Ref. 1 1 33] can be shown to admit a quantum-mechanical interpretation as a weak PPS 
measurement in the inverted region (see Sec.fTSli. 

In the inverted region, the dependence on the coupling strength and the system parameters is quite different from 
that in the linear and the intermediate nonlinear regimes, which hold in the region 

\yAJ{\F\ + AF)<l. (4.26) 

Therefore below in many cases the regions ( 14.231 ) and ( 14.261 ) are discussed separately. 

4.4.3. Intermediate regime 

Consider now the region intermediate between linear response and the inverted region, 

\yA,\{\F\ + AF)~\. (4.27) 

We refer to this region as the strongly-nonlinear (or intermediate) regime. In this region, Eq. ( 14.111 ) cannot be simpli- 
fied since the dependence of the average pointer deflection on y is significantly nonlinear. The condition ( 14.271 ) can 
be recast in the form 

^l ~ umi (4.28) 

i.e., in the intermediate regime the small parameter of the theory is of the order of the overlap of the pre- and post- 
selected states. 

In the important case \F\ < AF, which is of primary interest in most of the present paper, the condition ( 14.27b 
becomes 

IrA J AF ~ 1 (4.29) 

or, equivalently, 

m ~ Kmi (4.30) 

Equations ( 14.281 ) and (14.5b imply that the strongly-nonlinear regime (14.27b can be obtained for weak PPS mea- 
surements only when the initial and final states are almost orthogonal, 

\{m\ « 1. (4.31) 

In the case ( 14.311 ). the weak value ( 11.36b is anomalously large, at least, when A^^ is not too small, as in Eq. ( 14.2b . 

Below (Sec. l4.5.2] i it is shown that optimal conditions for weak PPS measurements are obtained in the nonlinear 
intermediate regime. Thus, Eq. ( 14.27b or ( 14.28b [or, equivalently, ( 14.301 )1 provides the optimality condition, at least, 
for |F| < AF, whereas for \F\ » AF, the condition (14.271) [or (14.281) 1 is necessary but not sufficient for the optimal 
regime (see Sec. 14. 8b . 

4.5. Estimation of the average pointer deflection 

Let us now estimate the typical magnitude of the average pointer deflection Rs - R for the linear and strongly- 
nonUnear regimes. 
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4.5.1. Linear response 

In the linear-response regime, Eq. (14. 13bl i implies that a typical value of - ^| for a given \yA^^\ is 

1^,-^1 ~ y\A„R^\. (4.32) 

We consider a typical situation, when both sides of the generalized uncertainty relation Eq 
order. 

Then Eq. ( 14.321) yields an estimate of the typical value of \Rs - R\, 

\R.-R\ ~ \yA,,\^F^R. (4.34) 

Equation ( 14.341 ) is also an estimate of the maximum of \Rs - R\ for a given lyAn l. Note that this value is limited by the 
condition ( I4.20l i. and hence it is relatively small. 

Equations ( I4.13bb and (14.341 ) show that the linear response vanishes or becomes very small when the weak-value 
phase 6 is close to -6*0 or when A/? is vanishing or very small. For such cases, weak PPS measurements cannot 
be performed in the AAV (linear) regime. However, as shown below, weak PPS measurements are possible in the 
nonlinear regime, even when the hnear response is vanishing or very weak. 



(14.19b are of the same 
(4.33) 



4.5.2. Strongly-nonlinear regime 

Consider now the strongly-nonlinear regime ( 14.27b . In this regime, measurements of A„, and/or y are optimal, 
since now the dependence of (R^ - R) on A„ and y is strongest and, moreover, as we will show now, in the regime 
(14.27b \Rs — R\ achieves the maximum value - ^Uax or, at least, values of the order of - R\m-dx- Let us estimate 

l^i - ^Imax- _ _ 

Here we consider the most important case 1^1 < AF (the case \F\ » AF is discussed in Sec. 14. 8b . First, we estimate 
the maximum value of for the strongly-nonlinear regime (14.27b and then show that the resulting estimate holds 

for all parameters. Under the condition (14.27b . which becomes now 

IrAvvlAF ~ 1, (4.35) 

the denominator of Eq. (14.11b is of the order of one, so that the maximum value of |^ , - ^| is given by 



AF (AF) 

Using the estimate (14.33b and taking into account that 



\R,F\ \FR,F\ 

~ -^ + -7rkr- (4-36) 



FR,F = FcRcFc + 2FReRcF, (4.37) 

Eq. ( 14.361 ) becomes 

~ '^f£'' - (4.38) 

(AFY 

This quantity is of the order of or greater than the magnitude of the result ( 14.241 ). which means that Eq. ( 14.381 ) provides 
an estimate of the maximum of the magnitude of the pointer deflection ( 14.11b over all values of yA„ . Equation ( 14.38b 
is independent of F, since the same result is obtained also for 1^1 » AF (see Sec. 14.8b . 

In the peculiar case when AR vanishes or is very small, the first term on the rhs of Eq. ( 14.38b can be neglected, but 
the pointer deflection generally does not vanish. 



\FcR..F,\ 



(AF)2 



(AF)2 



(4.39) 



This shows that PPS measurements may be performed even for AR - 0. 
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However, in a typical case, AR is sufficiently large to obey 



\_FcRcFc\_ 

(Apy- ^ ' 

which implies that the second term on the rhs of Eq. (14.38b can be neglected, yielding 

~ AR. (4.41) 

Note that Eq. (14.41b holds for any AR, when [F,R] is a c-number This occurs, e.g., in the cases when the variables 
F and R are commuting or canonically conjugate (e.g., F - p, R - q) or are linear combinations of such variables. 

Indeed, then 

IF^^I = \FAR,F] + FlRA = \FlRA < (AFfAR (4.42) 

[see Eq. (IC.6b l. yielding Eq. (14.40b and hence Eq. ( 14.41b . 

Equation (14.38b provides a simple estimate of the maximum magnitude of the pointer deflection over all possible 
A„ and all allowed y. Moreover, since the pointer deflection (14.11b depends on A„, and y through the product yA„„ 
the maximum (14.38b results also when only one of the parameters A^, and y is varied, the other being fixed. Thus, we 
obtain that the maximum of the pointer-deflection magnitude over all A„ for a given y is independent of y and hence 
remains finite for y — > 0. 

This result may look paradoxical. Note, however, that Eq. (14.38b holds for a subensemble of the measured systems, 
the relative size of which (II^) / decreases with the decrease of y as y^ [cf. Eq. (I4.30b l. 

<n^)/ ~ \{m\^ ~ f^l ^ r'- (4.43) 

Correspondingly, the unconditional average over the whole ensemble would yield the result (12.5b . which vanishes 
with y — > 0. 

4.6. Amplification in weak PPS measurements 

Weak PPS measurements can result in very significant amplification of the average pointer deflection in compar- 
ison with weak standard measurements. There are two different types of amplification in weak PPS measurements, 
the (proper) amplification due to a large weak value and the enhancement due to an increase of the initial pointer 
uncertainty AR above the minimal value provided by the Heisenberg uncertainty relation. (Note that there can be 
also an enhancement of the pointer deflection due to the presence of a non-zero meter Hamiltonian Hm', this eff'ect 
generally holds for both standard and PPS measurements, as discussed in Sec. 17.2.41 ) 

Until now, amplification was discussed in the literature only for the linear response, however it takes place also in 
the two other regimes — the strongly-nonlinear regime and the inverted region. Here we discuss amplification for both 
linear-response and strongly-nonlinear regimes in the case \Fi\ < AF, i.e., we consider the region (14.26b . which now 
is given by 

\yAJAF<l. (4.44) 

The amplification for the other cases will be considered later: in Sec. l4.8l for the case » AF and in Sec. l4.9.3] for 
the inverted region. 

4.6.1. Proper amplification due to a large weak value 

To estimate amplification in weak PPS measurements, we should compare the magnitudes of the average pointer 
deflection in weak PPS and standard measurements. In this comparison, we assume that y and F are the same in both 
types of measurements. Moreover, we require that the magnitudes of Aip^ and A be equal or, at least, of the same order 
of magnitude, 

lA^^I ~ (4.45) 

In the region of interest (14.44b . we define the coefficient a of the proper amplification by the order of magnitude 
with the help of the relation 

a ~ (4.46, 
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In Eq. ( 14.461 1 the quantity 

HoAR ^ \yA^^\AFAR (4.47) 

is of the order of a typical value of the pointer deflection for standard measurements [cf. Eqs. (12.7b and (I4.45l l1. 
In the hnear regime, inserting Eqs. (14.34b and (14.47b into Eq. ( 14.461 ) yields [24,. 70. , 80,1 

a ~ Kmr'- (4.48) 

In the nonlinear regime, we assume the validity of Eq. (14.41b (the peculiar case of a vanishing or very small AR is out 
of the scope of the present paper). Inserting Eq. ( 14.41b into Eq. ( 14.46b and taking into account Eq. ( 14.30b yields the 
relation 

a ~ ~ \{mr\ (4.49) 

which results again in Eq. ( 14.48b . Thus, the result ( 14.48b holds in the whole region ( I4.44I) . 
The inequality ( 14.441 ) with the account of Eq. ( 14.481 ) can be rewritten in the form 

flyWO<l, (4.50) 

where the similarity sign is achieved under the optimal conditions. Thus, though a can be very large, for a given jjQ 
the amplification coefficient a has the upper bound equal to yUg ' , as shown by Eq. ( 14.50b . 

Equation ( 14.461 ) implies that, for a fixed jUQj the quantum-limited signal-to-noise ratio (per one measurement) in 
the post-selected subensemble \Rs - R\/AR increases in direct proportion with the amplification coefficient a, 

~ alio ^ a\yA^^\AF. (4.51) 

In view of Eq. ( 14.41b . the maximum value of this ratio is of the order of one, which is achieved under the optimal 
conditions, i.e., in the strongly-nonlinear regime. (Note, however, that if one takes into account the total ensemble, 
the amplification cannot increase the quantum signal-to-noise ratio; correspondingly, the latter is the same in weak 
PPS and standard measurements I's^.'sS^; see Sec. l4.9.2l for further details.) Thus, Eq. ( 14.511 ) implies the remarkable 
fact that for an arbitrarily small coupling strength y, the amplification a can be made so large that the signal-to-noise 
ratio in the post-selected subensemble is of order one, making measuring y possible and relatively easy. The price for 
this is that the size of the total ensemble increases as a^ [see below Eq. ( 14.821) 1. 

The amplification coefficient satisfies an important relation, as follows. It is easy to see that in the region (14.44b 
(n^)/ ~ As a result, expression ( 14.48b can be recast in the form 

a ~ {n^y/'\ (4.52) 

This relation holds in all cases for which the proper amplification is considered here (see also Sees. I4.8l and l4.9.3T l. 
It shows that the proper amplification is closely related to the post-selection, increasing with the decrease of the 
post-selection probability {Tl^}/ and disappearing in the limit (H^)/ — > 1. 

4.6.2. Enhancement due to an increased pointer uncertainty 

Equations ( 14.34b and ( 14.411 ) indicate that the average pointer deflection is typically proportional to the pointer 
uncertainty AR. Hence, for typical cases, increasing the uncertainty AR enhances the average pointer deflection. 
Though this cannot improve the quantum limit of the measurement accuracy (14.51b . an enhancement of the pointer 
deflection facilitates the readout of the measurement, increases the readout accuracy, and thus is beneficial. 

As mentioned above, the pointer-deflection magnitude is maximized when the left- and right-hand sides of the 
generalized uncertainty relation ( 14. 19b are of the same order [Eq. ( 14.331 )1. In this case, for given AF and {R,F'\, 
increasing the covariance magnitude \crfii\ results in an increase of both AR and \Rs - R\, the quantum accuracy ( 14.51b 
being constant. In contrast, for standard measurements, the average pointer deflection ( 12.5b is independent of a-fn, 
and hence an increase of |cr/r«| decreases the quantum accuracy ( 14.51b . Thus, for weak PPS measurements, a nonzero 
(Tfr results generally in an enhancement of the average pointer deflection with respect to the case ctfr = or with 
respect to the standard measurements by the factor 



>^ 1/2 

2R,F 



l+li^ 



(4.53) 
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This factor provides the maximal enhancement exactly for the linear response ( 14.131 ) and by order of magnitude for the 
intermediate nonlinear regime. Equation ( 14.531 1 implies that the enhancement is large if and only if there is a strong 
correlation between R and F, i.e., the covariance is large, 



2o-fR 



[R,F] 



» 1 



when \o-fR\» \[R,F]\ 



(4.54) 



Note that for non-standard meters ([R,F] = 0) Eq. ( 14.531 ) yields f - oo, which is an expression of the fact that 
standard measurements are impossible for non-standard meters. Equation ( I4.13cl i implies that in the linear regime, the 
enhancement is possible only when Im Isoll . However, in the nonlinear regime, the enhancement is possible 
not only for Im A„ but also for a real A„, when the parameter FRcF is nonzero in Eq. ( 14.111 ). For a discussion of 
specific cases, see Sec. 17.21 

The total amplification coefficient due the two above factors is 



aj — af. 



(4.55) 



The amplification of the signal described by Eq. ( 14.551 1 does not amplify technical noise llSOl l85h and hence is an 



important effect with a promise of numerous applications in ultra-sensitive measurements and precision metrology. 



4. 7. Measuring weak values and coupling strengths 

Equation (I4.11l i allows one to measure any parameter entering this expression provided the other parameters are 
known. Here we discuss measuring the weak value A„ and the coupling strength y. Both linear and nonlinear regimes 
of the measurement are considered. 

Since y is real and A„ is complex, in principle one or two weak PPS measurements are sufficient for obtaining y or 
A„, respectively. Below we discuss extracting y and A,^. for the above minimal number of measurements. Alternatively, 
to increase the accuracy of the value of Av^, one may perform more than the minimal number of measurements and 
then fit the measurement results to Eq. (14.11b . Note, however, that an increase in the number of measurements requires 
an increase in time and resources. 



4.7.1. Measuring the coupling strength y 

The parameter y can be measured in either the linear or nonlinear regime. As discussed above, optimal measure- 
ments of y are obtained in the nonlinear regime (14.27b . where - ^| is of the order of its maximum value. 

Note a difference between the measurement procedures in the linear and nonlinear cases: given a measured value 
of the pointer deflection {R^ - R), in the linear (nonlinear) regime y results from a solution of a linear (quadratic) 
equation [cf. Eqs. (14.13b and (I4.11b l. The roots of the quadratic equation can be obtained in analytic form; only one 
of them yields the correct solution. Namely, the correct root yo is determined uniquely by the condition yo — > for 
Rs R- 

Thus, the nonlinear Eq. (14.1 lb allows one to optimize the measurement of the coupling strength. Another advan- 
tage of Eq. (14.11b is that it allows for measurement of y, even when the first-order result ( I4.13ab vanishes or is very 
small; in this case, it is required that FR^F + 0. 

4.7.2. Measuring A„: One unknown parameter 

Consider now the measurement of weak values. A„, is a complex quantity, and generally both the magnitude \A„\ 
and phase Q of A^^. are unknown. 

Consider first the simple situation, where Q is known, at least, with an accuracy of up to tt; for example, when A„. 
is known to be real, then Q can equal zero or tt, i.e., 6 is known with an accuracy of up to tt. Generally, A^^. and |A„,p 
can be presented in the form, 

A„, = A„o exp(/0'), = A^o, (4.56) 

where Aho is real and ff equals Q for A„,o > or -h tt for A^m < 0. Suppose that 6' is known. (For example, when A„. 
is known to be real or imaginary, one can set 0' = or n/2, respectively, i.e., A„, = A„,() or A„, = /A„,o, respectively.) 
Then, on inserting Eq. (14.56b into Eq. (I4.13ab or ( 14.1 lb . A^o can be obtained similarly to y (see Sec. 14.7.1b . from a 
linear or quadratic equation, respectively. 
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4.7.3. Tomography of weak values 

Consider now tomography of weak values, i.e, measuring a complex A„, in the absence of any preliminary infor- 
mation on A„. A complex A„, depends on two real parameters and hence to obtain A„, from Eq. ( 14.111 ). it is sufficient 
to perform two measurements with different values of the coupling strength y and/or of one or more of the meter 
para meters. The meter parameters which can be varied include the observables R and F il24ll and the meter state pM 
1 87|] . Hereafter, we regard meters with different parameters as different meters, even if they are realized with identical 
physical systems. 

As mentioned above, the nonlinear regime is optimal for measurements. However, the nonlinear regime can be 
achieved only for sufficiently large weak values or, in other words, for sufficiently small values of the overlap 
(cf. Sec. 14.4. 3b . Therefore the linear regime is also important, since this is the only regime of weak PPS measurements 
achievable for not too large weak values. Another reason why the linear regime is of interest is that the linear regime 
is somewhat easier to analyze than the nonlinear regime. Below we show how to extract with two measurements 
for both the linear and nonlinear regimes. 



4.7.4. Tomography of weak values: Linear regime 

Since the linear response ( 14.13b is proportional to y, in the linear regime, in contrast to the nonlinear regime, a 
variation of y cannot be used for tomography of weak values. Thus, in the two required measurements, the meters 
should necessarily differ by one or more parameters (e.g., the meters may have different pointer variables), so that the 
parameter Oq in Eq. ( I4.14l i has different values in the two measurements. We require that these values, denoted by 6q 
and fly, obey the condition 

|6lo-0(')| + Q,n,2n,.... (4.57) 
The two measurements yield by Eq. ( I4.13bl ) the quantities 

^ = |A„,| sin(0 + 0o), r = |Ah.| sin(0 + e[,). (4.58) 

The equalities ( l438T l can be recast as a set of two linear equations for Re A„. = |A,v| cos 6* and Im A,v = |A„ | sin 0, which 
has a solution under the condition (14.571) . As a result, we obtain 

_ gexp(-4)-f exp(-/eo) 
sm(0o - 6*^) 

For instance, in the experiment |91], the tomography of weak values was realized with Oo - njl and 0^ = 0. In this 
case, Eq. (14.58b implies that ^ = ReA„, and ^' - ImA,,,; correspondingly, Eq. ( 14. 59b yields A„, - ^ + i^' . 

The condition (14.57b requires that, at least, in one of the two measurements [R, F~\ + 0, while in the other mea- 
surement cTfR + 0. If (jfji - {\R, F\ - 0) in the measurements, only Re A„, (ImAv^) can be measured in the linear 
regime. Finally, when \R,F\ - a-fn - 0, the linear response vanishes and hence cannot be used for measurements. 
The situation is drastically different in the nonUnear regime, as follows. 



4. 7.5. Tomography of weak values: Nonlinear regime 

Consider now tomography of weak values in the nonlinear regime (14.35b for the important case \F\ < AF (the case 
\F\ » AF is considered in Sec. 14.8b . As in the linear case, the two necessary measurements can be performed with 
different meters. However, now one has also an alternative possibility: to perform the two measurements with different 
values of the coupling strength y, using only one meter for all measurements. The condition ( 14.57b is generally not 
required now. The coupling strength y can be varied by changing the duration of the interaction and/or the amplitude 
of the coupling rate ^(f), cf. Eq. ( 11.111 ). 

Inserting the measurement results on the left-hand side of Eq. ( 14.1 lb yields two second-order algebraic equations 
for ReA„, and lvn.A„. Indeed, multiplying both sides of Eq. ( 14.1 lb by the denominator of the fraction on the rhs, 
transferring all the terms to the left-hand side and simplifying the expression yields for the above two measurements 
the respective equations of the form 

Do/ + Du Re A,, + D2/ ImA,. + D3/ |A„,.|2 = (/ = 1 , 2), (4.60) 

where the coefficients Du can be easily expressed through the parameters of the problem. 
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Measurement type 


Measurability of: 


Case 


[R,F] 


O-pR 


F 


ReA„, 


ImA„, |A,,| 


1 


*0 




any 


yes 


yes yes 


2 


*0 








yes 


ImA„, yes 


3 


*0 





^0 


yes 


yes yes 


4 





^0 


any 


|ReA„| 


yes yes 


5 










|ReA„| 


yes yes 


6 











no 


no yes 



Table 4: Measurability of ReA,„, ImA,,,, and |A„.| for different types of measurements. Here we used the following conventions: (a) the word 
"any" means any F satisfying \F\ < AF, (b) the parameters denoted as nonzero should be nonzero, at least, in one of the two measurements; (c) 
correspondingly, the parameters denoted as zero vanish in all the measurements; (d) when both [R, F] and CTfn vanish, we assume that F F Q. 
Note that |An,| is generally measurable in all the cases listed here. 

Equations ( 14.601 1 can be solved analytically, as follows. Multiplying Eqs. ( 14.601 1 for i = 1 and 2 by D32 and -D31, 
respectively, and summing the resulting equations cancels the nonlinear terms and yields a linear relation between 
Re A„. and ImA„,. This relation allows one to express Re A^ through ImA,^., thus reducing the problem to obtaining 
Im A„.. Finally, inserting the above expression for Re A,i into one of Eqs. ( 14.601) yields a quadratic equation for ImA,,., 
the quantity ImA,,. being equal to the root of this equation, which tends to zero for Rs — > R. 

Table|4]shows the feasibility of measuring the weak value parameters Re A,,,, ImA,,,, and |A„,| for different types of 
measurements. Generally, Eq. ( 14.111 ) involves A„ through terms proportional to Re A,,,, Im A,,., and |A„,p. To determine 
A,,, completely, i.e., to obtain Re A„, and ImA,,, with correct signs, each of Re A„. and ImA,,. should enter linearly in 
Eq. (14.111 ) for, at least, one of the two measurements. In particular, this happens when both [R,F] + and ctpr + 
do not vanish for, at least, one of the two measurements (TableH) case 1). 

In case 2, a term linear in ImA,,. is absent in Eq. ( 14. lib , and hence ImA,,, can be determined only up to a sign. In 
case 3, A„. can be determined completely, since ImA,,, enters linearly in the denominator of Eq. ( 14.1 lb when F + ^. 
Actually, the optimal values of F are those satisfying \F\ ~ AF, since then in the present nonlinear case ( 14.35b all the 
three terms in the denominator of Eq. ( 14.1 lb are generally of the same order 

In cases 4 and 5, Re A„, can be obtained only up to a sign, whereas in case 6, only |A„,| can be measured. Note that 
in cases 5 and 6 the linear response is absent, but still information on A„, can be extracted (such a case takes place, 
e.g., for AR^O, see Sec. l7T2l ). 

In summary, generally A„, can be obtained completely when, at least, one of the two measurements is performed 
with a standard meter {[R, F] + 0), whereas measurements using only non-standard meters {\R, F\ - 0) typically yield 
ImA„. and |ReA„,|, but not the sign of Re A„. 

4.8. Large average input variable, \F\ » AF 

Until now we focused mainly on the typical situation when \F\ < AF. Usually in experiments on weak PPS 
measurements, the conditions are chosen to make F to vanish, exactly or effectively. However, as shown above, a 
moderately large value of F, \F\ ~ AF, may be useful in measuring weak values and coupling strengths. 

Here we discuss the case of a large F, \F\ » AF. This case differs significantly from the above situation \F\ < AF. 
Now the pointer deflection is generally small, except for the optimal regime which has the form of a narrow resonance, 
the width of which decreases with increasing \F\. Let us consider the linear response and the optimal region. 

The linear-response regime is independent of F, and it is described in the above Sec. 14.4.11 The region of its 
validity is given by Eq. (14.22b . which now becomes 

\yA,.F\ « 1. (4.61) 

Since now F is large, the maximum value of lyA,,.] allowed by Eq. (14.61b is small, and hence the average pointer 
deflection in the linear-response regime is very small in the present case. The amplification coefficient in the linear 
response is given by the above Eq. ( 14.48b . 



40 



Consider now the optimal regime. When \F\ » AF, and Re A„, is small or vanishes. 



|ReA„| « \lmAA (4.62) 

then versus y has a narrow resonance at 

yFlmA^. ^ -I. (4.63) 
In the vicinity of this resonance, Eq. (14.11b simplifies to 



F,R,Fc/F - elm[R,F]-2o-FRX 

Rs-R ^ -\ , - . — —■ (4.64) 

F [x2 + e2 + (AF/F)2] 



Here 



X = 1 +rf'ImA,,, (4.65) 

Re A 7T 
e = -p— ^ or e = sgn(ImA„,)x-0, (4.66) 

where the two expressions for e are equivalent in the approximation when Eq. ( 14.661 ) holds. In the derivation of 
Eq. ( 14.641 1 we used Eqs. ( 14.371 ) and ( 14.15b : moreover, in the numerator and denominator of Eq. ( 14.64b we neglected 
terms of higher orders in x, e, and AFj F. 

Equation ( 14.64b describes a resonance in Rs as a function of the two variables x and e or, in other words, versus 
any of the parameters Im A,,., Re A„, y, and F. Depending on the parameter values, the resonance as a function of x or 
e can have either Lorentzian or dispersive shape or a linear combination thereof. The resonance arises due to the fact 
that destructive quantum interference results in a strongly reduced post-selection probability, 

<n^)/ ^ \{m\\^^ + + i^FIFf]. (4.67) 

The resonance as a function of x and e has one or two extrema, the extremum with the largest magnitude lying in the 
optimal region. 



x^ + e^ < y-j^ . (4.68) 

The extrema of the resonance can be obtained analytically. However, for simplicity, we provide here only an 
estimate of the maximum of the magnitude of the pointer deflection. This estimate has the same value (14.381 ) as in the 
case \F\ < AF. Indeed, in the optimal region (14.68b we obtain from Eq. ( 14.64b that 

^ \fJ^c\ + 1^1 \elm[Rj] + IcTFR x\ ^ | F^^l + 2F| | ^| Vx^ + 
F^[x2 + e^- + iAF/F)^ ~ F^ [x^ + + (AF / F)^ 



AF 



2 



^ \F,R,F,\ + \F\ (AFAR){AF/\F\) ^ \F,R,F,\ 

(AF)2 (Af)2 ■ ^ ' ' 

Here in the second relation we used the Cauchy-Schwarz inequality and the last equality in Eq. ( 14.191 ), whereas in the 
third relation we used the inequalities (14.19b and ( 14.68b . The right-hand side of Eq. ( 14.69b provides the estimate of the 
maximum of the magnitude of the pointer deflection, which coincides with Eq. (14.38b . 

The amplification coefficient is given by Eq. ( 14.521) also for \F\ » AF, as follows. To obtain the maximal amplifi- 
cation coefficient in the optimal region ( 14.681 ), we use Eqs. ( 14.46b and ( 14.47b . yielding 

„ l^.-^l AR \F\ ^^^^^^ 



lyA^^I AF AR \{<p\ip}/F\ AF AR AF 

Here we took into account that, in view of Eqs. (14.63b and ( 14.62b . \yA^^F\ ^ \{(p\4))\; we also assumed the typical 
situation (I4.40b - (l4.41b . Since in the optimal region (14.68b Eq. (14.67b yields 
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the amplification coefficient ( I4.70l i satisfies Eq. ( 14.521 ). An estimation of the magnitude of Eq. ( 14.641 ) for + » 
^F^|F^ also can be shown to yield Eq. ( 14.521 ). 

Note that in the present case when \F\ » AF, the optimality condition ( 14.681 ) is much stricter than the condition 
for the strongly-nonlinear regime (I4.27l i [or, equivalently, (I4.28l l1. 

An advantage of the present case \F\ » AF is that the optimal regime occurs at a much smaller value of lyl than 
for \F\ < AF [cf. Eqs. ( 14.631 ) and ( 14.35b . respectively]. Correspondingly, the amplification coefficient (14.71b is much 
higher than the value ( 14.48b obtained in the case |F| < AF, for a given overlap magnitude K^liA)!- This allows for an 
increase of the measurement precision in the present case as compared to the case \F\ < AF, when, by some reason, 
ffie overlap {(pliff) cannot be made too small. 

Moreover, the fact that Eq. (14.64b is a narrow resonance as a function of a number of parameters makes this 
resonance very sensitive to small perturbations of the parameters of the problem. This sensitivity of the resonance can 
be used for precise measurements of these parameters. 

4.9. The minimum size of the ensemble and the signal-to-noise ratio 

Here we estimate the minimum size A^o of the ensemble required for a weak PPS measurement. In Sees. 14.9.11 
and 14.9.21 we consider the region ( 14.26b . which includes the linear response and the intermediate nonlinear regime, 
whereas in Sec. l4.9.3] we discuss the inverted region. 

4.9.1. The linear and intermediate regimes 

We consider the typical case when the uncertainty AR does not vanish and is sufficiently large, so that the width 
of the distribution of 7? at f > ff is of the order of AR. Consider an ensemble of pairs consisting of a system and a 
meter Only {n^}fN of the pairs are taken into account in a PPS measurement. A measurement produces a shift of 
the maximum of the distribution of the sum of {Il^)fN pointer values, equal to {Tl^)fN(Rs - R). We determine the 
minimum size of the ensemble by requiring that the square of the shift of the maximum of the above distribution is 
equal to the variance of this distribution. This yields the equation 

[{n^}fN(Rs-R)f = {n^}fN(AR,f, (4.72) 

where ARs if the pointer uncertainty after a PPS measurement. Equation ( 14.721 ) provides the minimum size 

No = ^ J' - , ■ (4.73) 

{n^)f(R,-R)^ 

In the linear-response regime, ARs approximately equals AR, and Eq. ( 14.731 ) becomes 

No = (4.74) 

whereas beyond the linear response in weak PPS measurements, ARs ~ AR, and Eq. ( 14.731) yields the relation 

(ARf 

No — --r. (4.75) 

{n^)f(Rs-R)^ 

Moreover, it is useful to consider the signal-to-noise ratio (SNR) with respect to the quantum noise. It equals 
the ratio of the left-hand side of Eq. ( 14.721 ) (the modulus of the shift, i.e., the signal) to the right-hand side (the square 
root of the variance, which sets the noise level), yielding 

IW 

^=J — . (4.76) 
V ^0 

Thus, the quantity A^o determines the SNR by Eq. ( 14.76b . 

To estimate the lower bound on A^o in the region of interest (14.26b . we note that, in view of Eq. ( 14.46b . 

1^, -R\ ~ a fio AR, (4.77) 
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and insert Eq. ( 14.771 ) into Eq. ( 14.751 1. yielding M) ~ ((II^) / a'^fi^y^ or, in view of Eqs. ( I4.52l i and i4^ . 



No ~ A'o' = (rlA^^|AF)-2. (4.78) 

Hence, generally the ensemble size equals roughly the inverse square of the measurement strength. It is remarkable 
that the post-selection probability (II^)/ and the amplification coefficient a mutually cancel in Eq. ( 14.78b . Equation 
(14.78b shows that, until the condition (14.26b holds, one can decrease {(pltp), thus increasing A^, for a constant A^o or, 
alternatively, increase the coupling strength y, thus decreasing A^o for a constant A„. 

The minimum ensemble size (for given pre- and post-selected states) is obtained in the intermediate nonlinear 
regime (14.27b . when Eq. (14.78b yields 

1 + (F/AFf 

No ■ (4-79) 



In the case \F\ < AF, the ensemble size is minimal when [cf. Eq. (I4.79b 1 

A^o ~ K<^l^>r'. (4.80) 

In the optimal regime, Eq. ( 14. 79b can be recast in two different ways, as follows. We note that in the optimal 
regime the following estimate of the post-selection probability can be used. 



{ns)f -^^^ — -, (4.81) 

Eq. (14.81b being equivalent to <n^)/ ~ K0|iA)P for \F\ < AF and to the first relation in Eq. (14.71b for 1^1 » AF. 
Comparing Eqs. (14. 79b and (14.81b and using the relation ( 14.52b yields 

No ~ <n^>y' ~ a\ (4.82) 

Thus, in the optimal regime the ensemble size equals roughly the inverse post-selection probabiUty or, alternatively, 
the squared amplification coefficient. 



4.9.2. Comparison of weak measurements with and without post-selection 

Let us compare the ensemble sizes for weak measurements with and without post-selection in the region ( 14.261 ). If 
one uses an essentially quantum meter [Eq. ( I2.8b l for both types of measurements, then a comparison of Eqs. ( 14.78b 
and ( 12. lib shows that weak measurements with and without post-selection require ensembles of comparable sizes (for 
comparable magnitudes of A^^ and A). The pecuUarity of weak PPS measurements is that they are performed on a 
subensemble of the relative size (11^) /, where the pointer deflection is amplified with the amplification coefficient 

— 1/2 

(n^)^ ' . This amplification allows one to increase the measurement accuracy in the presence of technical (but not 
quantum) noise, as noted in Ref. ifsoll . Thus, meters which are efficient for standard measurements (i.e., essentially 
quantum meters) are also efficient for PPS measurements. 

In contrast, when the meter is not essentially quantum, i.e., | [R, F~\ \ <sc AR AF, the ensemble size for measurements 
without post-selection is generally much greater than for weak PPS measurements; indeed, then Eq. (12.10b implies that 
A^o » (yAAFy^. Thus, meters which are not essentially quantum meters are not efficient for standard measurements, 
but are still efficient for PPS measurements. Typically, meters are not essentially quantum, when the covariance is 
large, o-fn » | [R, F] |, since then Eq. (14.19b implies that | [R, F] \ <K AR AF. In this case, the enhancement coefficient 
/ is large [see Eq. ( 14.541 )1. which explains why such meters are efficient for PPS measurements. 

Finally, in the limiting case [R, F] = (non-standard meters), weak standard measurements cannot be performed 
at all, while weak PPS measurements are still generally efficient. 

4.9.3. Inverted region 

When the overlap {(pli//) tends to zero, the pointer deflection tends to a nonzero value [cf Eq. ( 14. 24b 1 



FRrF 



F^ 
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(4.83) 



which depends only on the meter but not on the system or the coupUng. The relevant pointer deflection, which is 
directly related to the weak value, is now adjusted by 



R,-R R,-R-SRco. (4.84) 

Here the quantity Rs- R- SRca is the deflection of the pointer from the value R + 6R00 the pointer acquires in the limit 
0. When FRcF - 0, the adjusted pointer deflection Rs - R - 6Rco coincides with the usual pointer deflection 
Rs - R- Now the minimum size of the ensemble is given by Eq. ( 14.731 ) or ( 14.751 1 with the change ( I4.84l i. 

We estimate A^o in the important case 1^1 < AF. To this end, we estimate \Rs-R- 6Roc\ by Eq. ( I4.24l i with the help 
of Eqs. ( 14.211 ) and ( 14.331 ). We also assume that the third term on the rhs of Eq. ( 14.24b does not exceed significantly the 
second term, which happens when F is zero or sufficiently small and also happens, as a rule, when Eq. ( 14.401 ) holds. 
Then we obtain that 



\RcF\ AR AR\,^,^,, 

R,-R-6R^ ' ' = t2J_rr_^^ (4^g3^ 

lrA,,|(AF)2 \yAJAF \rA^^\AF 
Furthermore, (11^) //K0|(A)P is given by the denominator in Eq. ( 14.1 lb . so that in the present limit 

<n^)/ = Kmfa+^yFlmA^^+y'F^lA,/) « \{m\VF^\A..f 

= \A^^fF^ ~ r' \A^^f (AF)2. (4.86) 
Inserting Eqs. (I4.84b - (l4.86b into Eq. ( 14.75b yields the minimal ensemble size given by Eq. ( 14.801 ). 

A^o ~ K^l-A)!"'- (4.87) 

Note that in the present limit the overlap {<p\il/} is very small; Eq. (14.85b implies that the present regime is suitable for 
measuring the overlap. In view of Eqs. ( 14.761 ) and ( 14.871 ). for such a measurement the SNR is 

"R ~ K0|(A)| Va^. (4.88) 

It is quite remarkable that the quantum SNR (14.88b . which was obtained for weak PPS measurements, is of the 
same order as for strong (projective) measurements of a small overlap \{<p\i//}\. Indeed, for a system in the state 
the overlap can be determined by measuring the projection operatojf] Tl^ - \(p){(p\. Such a measurement results in the 
eigenvalue 1 with the probability P\ - \{(p\\l/)'^ and the eigenvalue with the probability Pq - \ - \{(p\4i)'^. After 
the measurement of an ensemble of systems, the sum of the obtained eigenvalues is described by the binomial 
distribution and, correspondingly, has the average NP\ and the square root of the variance {NPiPq)"^^^ . The equality 
between the two latter quantities is attained for the minimal ensemble size 

^0 = ^ * K-^l-A)!"', (4.89) 

where the approximation holds for K^li/')! «: 1. As follows from Eqs. ( 14.76b and ( 14. 89b . now the SNR is given by 

n = \{(t>m yfN. (4.90) 

Thus, weak PPS measurements in the regime of very large weak values can be used to measure small overlaps 
with the same quantum SNR as the ideal measurements. Moreover, when the measurement accuracy is limited by 
technical noise, weak PPS measurements can provide a higher measurement accuracy than ideal measurements, since 
weak PPS measurements involve a strong amplification. Indeed, in Eq. ( 14.85b . the factor 

a' - QyA^^lAF)-' » 1, (4.91) 



' The method considered here is not the only conceivable projective measurement of \((f)\i//)\. Another projective-measurement scheme, a 
balanced homodyne detection, is discussed in Sec. 1 12.31 however for both schemes the SNR values are of the same order of magnitude. 
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provides the proper amplification for the measurement of the overlap; this factor is large in weak PPS measurements, 
as implied by Eq. ( I4.7al i. As follows from Eqs. ( 14.861 1 and (|4.91| l, the amplification coefficient a' satisfies the relation 
[cf. Eq. (I432l) 1 

a ~ <n^);'^l (4.92) 
The factor a' describes the increase of the quantum-limited signal-to-noise ratio (per one measurement) 

(4 93) 

relative to the case when the small parameter approaches the limit |y A^,/,! AF ~ 1, where the measurement is not weak 
and hence the present theory breaks; in this case, Eq. ( 14.851 ) yields 

^^^^ ~ K0|iA)| when IrA^^IAF- 1. (4.94) 

Equation ( 14.911 1 shows that now, paradoxically, the decrease of the measurement strength \yA^^\ AF increases the 
magnitude of the average adjusted pointer deflection \Rs-R- 6Rca\ (for given AR and \{(p\^}\) and hence increases the 
measurement accuracy with respect to technical errors. 

However, a' cannot be increased indefinitely, since Eq. ( 14.851 ) holds only until a'\{(f)\iJ/)\ <& 1 [cf. Eq. (14.231 )1. When 
a' becomes so large that a'\{(l)\tp}\ ~ 1, the inverted-region case (the limit of very large weak values) is not applicable 
any more. Instead, the measurement is performed in the strongly-nonlinear regime [cf. Eq. (I4.27b 1. which provides 
the highest accuracy and hence is optimal, as mentioned above. 

Since the average adjusted pointer deflection ( 14.85b is proportional to AR and hence increases with the covariance 
cT/rs for a given AF [cf. the generalized uncertainty relation (I4.19H . the present regime involves also an enhancement 
by the factor / in Eq. (14.53b . The enhancement factor / describes the increase of the signal (i.e., the average adjusted 
pointer deflection) due to the correlation between F and R in comparison to the case of uncorrected F and R, when 
AF is kept constant. The total amplification coefficient is given by [cf. Eq. ( I4.55b 1 

a'^ = a'f. (4.95) 



For non-standard meters ([R, F] = 0), the parameters / and a'j are infinite and hence do not make much sense, but the 
proper amplification is still a meaningful notion. 

An experiment on weak PPS measurements in the inverted region is discussed in Sec. [12] 



5. Mixed preselected state 

5.7. The general nonlinear formula 

Here we extend the above results to take into account that the initial ("preselected") state of the system p can 
be mixed. Now Eqs. (13.13b and ( 13.14b imply that the expansions for {Y[^Rc)f and (II^)/ have the same form as in 
Eq. ( 13.161 ) with the changes 

K<^|-A)l' ^ (5.1a) 

{A%iA% - A[^') . ^^^^^ (^,Z>0), (5.1b) 

P4>4' 

where A" - (A")„, = 1. As a result, Eqs. ( 14.11b and ( 14.12b become now, respectively, 

^ ^ 2yIm(:R:FA,,) + y^F^AL'-'^ ^^2) 
1 -)-2rFImA„-Hy2^^Al!''' 

and 

^ ^ ^ + 2y Im ( RFA^) + FRF A^^^ 

\+2yFlmA„ + j^F^A^^:^^ 
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Formally, Eqs. ( 15.21 ) and ( 15.3b follow from Eqs. (14.11b and ( 14.121 ) on replacing the definition ( 11.36b of the weak value 
by Eq. ( 11.581 ) and replacing 

|AJ2 ^ Al^i) = (5.4) 
P<t><t> 

As shown by Eq. ( 15.2b or (15.3b . in the case of a mixed initial state, the results of weak PPS measurements depend on 
two weak-value parameters, A„ [given now by Eq. (I1.58b l and the associated weak value A[J''\ Eq. ( 15.4b . 

5.2. Validity conditions for weak PPS measurements 

The validity conditions for weak PPS measurements with a mixed preselected state can be derived as in Sec. 14. II 
the only difference being that the A-dependent factors in Eq. (14.1b are changed now, in view of Eqs. (15.1b . as follows, 

{A%4A"-%^ ^ (AVa""V {0<k<n). (5.5) 

As a prerequisite to an estimation of these factors, we need to derive several inequalities, as follows. 
The spectral expansion of p has the form 

P^Yj^i mi'Pii (5.6) 

where (i/Jiliffj) = djj, Ai > 0, and 2; Ai-\. In view of Eq. (15.6b . we can write that 



I(aVa"-*)^^|2 



i i j 

= (A (A""V""'')^^, (5.7) 



where the Cauchy-Schwarz inequality is used. Thus, we obtain the inequality 

\(A''pA"-%/ < (A'pA^^iA'^-'pA''-^^. (5.8) 
In particular, for n - k - 1, Eq. (15.8b implies that 

\iAp)^/ < {ApA)^^p^^ (5.9) 

or, in view of Eqs. (11.58b and (15.4b . 

|A,/ < A(j-". (5.10) 
For a pure state p, Eqs. ( I5.8b - (l5.10b become equalities. Moreover, for A: > 0, we have the inequality 

(AVa'')# = Yj^i\iA\^\^ 

i 

< ^maxXil(^*Wl' = ^<n^AA^%^, (5.11) 
i 

where /Imax = max{/l, ). 

To estimate the quantity on the rhs of Eq. ( 15.5b . we assume that 

(A^'h^ < [(A\^]' (5.12) 

and that the left and right sides in Eq. ( 15.1 lb (with k - 1) are comparable, i.e., 

(ApA)^^ ~ /imax(A^)00. (5.13) 

Combining Eqs. (l5?8] l. ( 15.11b . and ( 15.12b yields that 

|(A*pA"-Vl ^ ^m.A(A\^r'\ (5.14) 
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Using the relations (15.131 1, ( 15.14b , and (IC.12l i, we obtain that the omission of higher-order terms in the numerator and 
denominator of Eq. ( 15.2b is justified under the condition 



y"' =\7\[(A\^]'^H\F\+AF) « 1, (5.15) 

where yu' is the small parameter in the case of a mixed initial state. 

The small parameter fi' in Eq. ( 15.15b differs from fi in Eq. ( 14.5b by the A-dependent factor. The latter is obtained 
under the assumptions ( 15.12b and ( 15.13b . Note that Eq. ( 15.12b holds, e.g., when (A^)^^ ~ It is of interest 

to compare the present validity conditions ( 15.12b , ( 15.131 ), and ( 15.15b with the respective conditions ( 14.2b and ( 14.5b 
obtained for the case of a pure initial state p - \t//}{iff\. In this case /tmax = 1, so that Eq. ( 15.13b becomes the relation 

lA^^I ~ (5.16) 

which implies the equivalence of the conditions (15.151) and ( 14.5b . Note that the conditions ( 15.121 ) and ( 15.161) are 
generally stricter than Eq. ( 14.21 ). However, this difference can be negligible in some cases, as, e.g., in the important 

case \A^^\ ~ ||A||. 



5.3. Different regimes 

The linear approximation to Eq. ( 15.21 ) has the above form ( I4.13ab or ( I4.13cb , with A„, given now by Eq. ( 11.58b . 
Consider the validity conditions of the linear approximation. The denominator in Eq. ( 15.2b is close to one and hence 
can be omitted, when 

A'^r'^ [(AFf + P] « 1. (5.17) 

If, moreover, A^. is sufficiently large, |A,^.p ~ A*'"'' [cf. Eq. ( I5.10b l, then generally also the quadratic term in the 
numerator of Eq. ( 15.21 ) can be neglected, i.e., the linear approximation holds; in this case the condition ( 15.17b is 
equivalent to Eq. ( 14.201 ). 

In the present case of a mixed initial state, the weak-value parameters A^, and A{,!''^ generally cannot be made 
infinitely large (see Sec. 19.31 ). Still, if A[J''* is sufficiently large, the nonlinear Eq. ( 15.21 ) should be used. In particular, 
when the condition ( 15.171 ) is inverted, 

y^A'-y^ [(AFf + F^] » 1, (5.18) 

Eq. ( 15.2b yields Eq. ( 14.24b with the change 

4(1.1) 

A. ^ (5.19) 

so that we obtain 



FR,F 2lmiR,FA„) 2FFR,FlmA„ 

Ks — K ^ — — H . {j.ZKj) 

pi yF2A\y^ yiF^)^A[y^ 

5.4. Measuring the coupling strength and weak values 

The dependence of ^ , on y in Eq. (15.2b is similar to that in the case of a pure initial state, though the peaks in |^ , 
are now generally lower and broader The measurements of y and the weak values A^ and A[,!''^ are now performed 
similarly to the case of a pure initial state (see Sec. 14.71 ), the measurements being optimal in the strongly-nonlinear 
regime [cf. Eq. (gjH], 

/a;^'>?2 ~ 1. (5.21) 

Since now there are three real weak-value parameters. Re A,,., 1mA,,., and A[J''*, measuring them requires, at least, 
three weak PPS measurements with different values of the meter or coupling parameters, rather than two as for a pure 
initial state. 
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5.5. Large average input variable, \F\ » 

In the case \F\ » AF, it is convenient to characterize the effects of the mixedness of the preselected state by the 
parameter 

(A[>')-|A.f)'/^ 
|ImA„| 

Note that for pure preselected states v = 0. When the preselected state is almost pure, v <K 1, the pointer value is res- 
onantly enhanced under the conditions (I4.62b -( l433] l. the resonance being approximately described by the expression 



^ ^ FcRcFc - eF Im [R, F] - 2xF(Tfr 
F^[x^ +{^F|Ff + v^ 

which differs from Eq. ( I4.64l i by the term in the denominator. The effect of v is to broaden the resonance ( 15.231 1 
and to decrease its amplitude, so that the maximum possible pointer deflection ( 14.381 ) can be achieved only for 

V < ^ « 1, (5.24) 

\F\ 

whereas for v » lS.FI\F\ the maximum magnitude of Eq. ( 15.23b is much less than Eq. ( 14.381 ), decreasing with v. 
Equation ( 15.24b provides a limitation on the ratio \F\IAF under which the optimal regime ( 14.381 ) is possible, namely, 
\F\I/S.F < V"'. The sensitivity of the resonance ( 15.23b to the quantity v for v > AF/|F| can be used to measure v when 
V is very small. 

5.6. The ensemble size needed for weak PPS measurements 

Let us estimate the size of the ensemble needed for weak PPS measurements for the important case 

A^l.'^^ [(AFf + F^] < 1, (5.25) 

which includes both the linear and nonhnear regimes. We start from Eq. ( 14.751 ). For the important case \A^^■f■ ~ A[J''\ 
in the region of interest ( 15.25b we can insert Eq. ( 14.34b into Eq. ( 14.751 ). yielding [cf. Eq. ( 14.781 )1 

A^o ~ [yHApA)^^(AFf]-K (5.26) 

Similarly to Sec. 14.91 we obtain that A^o is minimized in the intermediate nonlinear regime given by Eq. (15.21b . 
when Eq. ( 15.26b becomes [cf. Eq. ( |4.79b 1 

1 + (F/AFf 

No (5.27) 

P4"P 

This equation implies that the minimum size of the ensemble is obtained in the important case, \F\ < AF, where 

A^o ~ (P00)"' ~ <n^)/. (5.28) 



6. Effects of the system and meter Hamiltonians on pre- and post-selected and standard measurements 

The Hamiltonians of the system and meter, and Hm, were neglected so far. Let us now discuss the effects 
of these Hamiltonians on PPS and standard measurements. The results in this section hold for PPS and standard 
measurements of arbitrary strength. 

For simplicity, we consider only the cases when the coupling Hamiltonian ( 11.8b is the same in the Schrodinger 
and interaction pictures. This holds when Hs and Hm commute with the coupling Hamiltonian (11.8b . so that in the 
interval (0, ff), Hs{t) = i/si [^^m(0 = ^^mi] commutes with A (F) or vanishes; however, for t > ff, Hs(t) = i/s2 
and //m(0 - Hm2 can be arbitrary. These assumptions are rather general, and they include, in particular, the case of 
time- independent Hamiltonians, = //,2, (/ = S,M). A measurement scheme with Hn + Ha was discussed in Ref. 

liH. 
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6.1. Effects of the Hamiltonians on pre- and post-selected measurements 

First, consider PPS measurements. Assume that the post-selection is made at fs > ff and the measurement of the 
meter is performed at t^ > ff • Then the effects of the system and meter Hamiltonians are taken into account by the 
change 

U ^ UsUmU (6.1) 

in Eq. ( 13.81 ). where 

Us = exp[-ii/s2(fs - ff)] exp[-iHsitf], 
Um = exp[-/i/M2(fM - ff)] exp[-/i/Miff] 

Instead of changing U, one can equivalently make the following replacements, 

p^UsipUl, \<p)^ul2\<p} (6.3a) 

to allow for a nonzero system Hamiltonian and 

Pm ^ f^MiPM J/mp R^ul^^RUui (6.3b) 

to allow for a nonzero meter Hamiltonian. In Eqs. ( 16.3b . C/si, Usi, Uu\, and Umi are any unitary operators such that 
Us\ {Uu\) commutes with A {F), and 

f/s2f/si = Us, UmiUmi = Um. (6.4) 
Thus, there is a freedom in selecting Usi, Us2, Um\, and Um2, which may be conveniently used. 



(6.2a) 
(6.2b) 



6.2. Effects of the Hamiltonians on standard measurements 

For standard measurements, the effects of the system and meter Hamiltonians are taken into account by Eqs. ( 16.11) - 
( 16.3b . with the exception of Eq. ( I6.3ab which should be substituted by 

p ^ UspU'l (6.5) 

6.3. Special cases for the meter Hamiltonian 

Let us consider in more detail the effects of the meter Hamiltonian. The results shown below hold both for PPS 
and standard measurements. The effects of the system Hamiltonian can be similarly considered. 

In the general case, when Hmi does not necessarily commute with F, it may be convenient to ascribe all the effects 
of the meter Hamiltonian to the effective pointer given by the replacement 

R ^ ^(fM) = U'lk Um, (6.6) 

where R(t) is the quantity R in the Heisenberg representation, while pM is left unchanged [see Eq. (I6.3bl ) with Um\ - 
Im]- Consider now several simple cases. 
In the special case 

^^Mi = Hm2 = Hm, (6.7) 

Eq. ( I6.2bb simplifies to 

Um = exp(-/i/MfM)- (6.8) 

In this case the operator R{t) obeys the equation 

dm 



dt 

with the initial condition 



= i[HM,R(t)] (6.9) 



R(0)^R. (6.10) 
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Moments of the meter variables: 


No. 


Meter configuration 


R,F FR,F FrRcFc 


1 


F3 =0 


(AFf 2F(AFf 


2 


General 


(AFf "Ff + 2F{AFf Ti 



Table 5; Moments of the meter variables used in the present theory, for an arbitrary meter with R = F with different classes of initial states. 

An alternative simplification exists in the special case, when not only //mi but also Hui commutes with F, 

[Hm2J]^0- (6.11) 

Then also Uu, Eq. (I6.2bb . and hence Um2 commute with F. In this case, on setting in Eq. (I6.3bb Uu\ - Um and 
Um2 - Im, the effect of the meter Hamiltonian can be taken into account without a change of R, by changing only pM 
in Eq. (El, 

Pm Puitu) = UmPmUI^. (6.12) 

Here Pm(0 is the meter state in the Schrodinger representation, which would be obtained in the absence of the system- 
meter coupling. 

When both Eqs. (16.7b and ( 16.1 lb hold, Eq. ( 16.12b is independent of tf [cf. Eq. (I6.8b l. This means that now, as far 
as the measurement is concerned, it is not important in which part of the interval (0, tu) the coupling (11.8b is nonzero. 

Finally, when tu, tf, h 0, the measurement results are independent of the meter Hamiltonians //mi and Hmi, 
since then Um — > 1 [see Eq. ( I6.2bb l. 



7. Examples of meters 

The above theory is very general and holds for meters with finite- and infinite-dimensional Hilbert spaces. Below 
we consider the average pointer deflection for various types of meters. In particular, we will obtain formulas for the 
meter parameters which are important for weak PPS measurements. Such parameters, which are discussed below, 
include the following complicated mixed moments of the meter variables: RcF, FRcF, and F^RcF^ [compare, e.g., 
Eqs. (HOTT i. KM . K64i . and 

7.1. Non-standard meters 

Consider two simple types of non-standard meters. 

7.1.1. Coinciding input and output variables, R — F 

The above theory significantly simplifies when R and F commute. For the simplest such case, R - F, the moments 
of meter variables used in the present theory are shown in Table|5]for different classes of the initial states of the meter. 
In particular, case 2 in Table |5] corresponds to an arbitrary initial state, whereas meter configuration 1 describes 

the special case FI - 0, which occurs, e.g., for a symmetric distribution 0(F) = {F\pu\F) (e-g-, a Gaussian or a 
Lorentzian) centered at F, so that ^(F) - <b{2F - F). In Table|5]we used Eq. ( 14.37b . 
Thus, configuration 2 in Table |5]implies that for/? = F, Eq. ( 14.1 lb becomes 

2y{AFf ImA^. + j^jFl + 2F(AFf] [Anf 
Fs-F = : = . (7.1) 

\+2yF\mA„ + j^F^\A„\'^ 

In the linear regime [Eq. (I4.20b l. Eq. (17.1b yields 

F,-F ^ 2y{AFflm.A„, (7.2) 
which is an extension of the second equality in Eq. ( 11.54b to the general meter state. 
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Finally, when the weak value is very large and F - = 0, we obtain a simple expression [see Eq. (14.241) and 
Table|5] configuration 1], 

F, = -Im-?- for |7A,„|AF»1. (7.3) 

r K 



In particular, Eq. (I7.3l l provides an interpretation in terms of weak values of the result (9) in Ref. 11 13311 (see Sec. \T% 



7.1.2. Meters with zero pointer uncertainty, AR — 0. 

Furthermore, consider the case when AR — and R has a discrete spectrum]^ In this case 

RpM = Pm^ = RpM (7.4) 

[cf. the remark after Eq. ( 13.101 )1, and hence 

RcPm = PmRc = 0. (7.5) 

Now the linear approximation ( 14.131 ) vanishes since R^F = Tr (pmRcF) - 0, in view of Eq. (17.51 ): however the weak 
value is still measurable in the nonlinear regime. Indeed, now Eq. ( 14. lib becomes 



r FcRcFc \AX 

Rs-R ^ — _ , (7.6) 

1 +2yFImA,, + y2 |A„,,|2 

where we took into account Eq. (14.371 1. Note that Eq. ( 17.6b differs from zero only when F and R do not commute. 
Indeed, for commuting F and R, we have F^ Rc F^ - F^Rc - Tr (F^ R^ Pm) = 0, in view of Eq. ( 17.5b . 
In both cases (17.1b and ( 17.61 ) one can measure Im Ait and |Re A^ l, as discussed in the end of Sec. 14.7.5] 

7.2. Continuous-variable meters 

The standard measurement theory fH [24 , 68 1 involves a continuous-variable meter and canonically conjugate 



variables. Correspondingly, the bulk of the literature on weak values involves such meters. Here we apply the above 
theory to the important case of continuous-variable meters. 

First, we remind that meters with R - F (including continuous-variable meters) were discussed in Sec. l7.1l (see. 
especially. Table |5]). The case of commuting F and R is essentially similar to the case R = F. Consider now a 
continuous-variable meter with non-commuting F and R. 

7.2.1. Canonically conjugate variables 

The present theory is applicable to arbitrary meter variables, however here we focus on canonically conjugate 
variables given by Eq. ( 11.12b . Since {q,p} - i, now Eq. (14.16b becomes 

RcF = = CTpq + i/2, (7.7) 

and the general linear-response formula ( I4.13cl ) reduces to the result of Ref. Il lOll . which is a direct extension of 
Eq. (fOTI) . 

q,s-q^y(ReA»,+2o-pglmA»). (7.8) 

The covariance cTpq is an important parameter, since it affects the result (17.8b of weak PPS measurements. More- 
over, it enters the generalized uncertainty relation for the canonically conjugate meter variables p and q, which, as 
follows from Eq. ( 14. 19b . has the form 

Ap Aq > + (7.9) 

Therefore, it is of interest to obtain the conditions under which o-pg + 0. 



When R has a continuous spectrum, we do not consider the case Ai? = 0, since then states with AR = are generally unphysical. 
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Assume now for simplicity that at f = the meter is in a pure state \i//m}- Presenting il/uil) - ill^f^M) and 
^Mip) = (pI^^m) in the forms 



<Am(?) = exp[!^(^)], (7.10) 
Mp) - fpip) ewl-iap)], (7.11) 

where fgiq), ^(q), fpip), and ((p) are real, continuous functions, we obtain two equivalent expressions for the anti- 
commutator of q and p (see AppendixlDt. 



{q,p] = Iq^iq) = 2p('{p), (7.12) 

where the prime denotes differentiation. The second equality in Eq. (17.12b is an interesting and nontrivial relation 
between the phases ^{q) and (ip). Combining Eqs. (14.151 1 and (17.12b yields two equivalent expressions for o-p^^. 



p^'ip)-qp = q€'iq)-qp- (7.13) 



A consequence of Eq. (17.13b is that o-pg = if, at least, one of the phases ((p) and ^(q) is linear or constant. This 
result follows from Eq. (17.13b and the fact that linear ^(p) and ^(q) imply, respectively, 

('(p)^q, ^'(q)^p, (7.14) 
Eq. ( 17.141 ) resulting from the general expressions (see AppendixlDb 



i'ip) - q, (7.15) 
f(q)^P- (7.16) 

Thus, we obtain the following theorem. The covariance cTpg for a coordinate q and the canonically conjugated 
moment p is nonzero if and only if one of the two equivalent conditions holds: (a) the phase ((p) is nonlinear in p and 



p^p) * qp (7.17) 

or (b) the phase ^(q) is nonlinear in q and 

q¥(q) + qp- (7.18) 
On inserting Eq. ( 17.13b into Eq. (17.8b . we obtain two equivalent expressions for the linear response. 



-qs--q = r{ReA,v + 2[K'(/?)-^/?]ImA„) (7.19a) 
= r{ReAv,. + 2[^f(^-^p]ImA,,). (7.19b) 



It is usually noted |24, 1 id, 1 \^ that Eq. ( 17.8b reduces to Eq. ( 11.411 ) for a real tpuiq)- The above discussion of cr 



pi 

implies a more general result: namely, Eq. ( 11.411 ) holds whenever the phase of either i/'m(?) or i^m(p) is a linear 
function (or, as a special case, a constant or zero). In contrast, a nonlinear phase ^{p) or ^{q) generally results in a 
non-vanishing correlation between p and q, o-pg + 0, so that both terms in Eqs. (17.8b do not vanish (see also Sec. l7.2.2] l. 

When weak values are large, one should use the general nonlinear Eq. ( 14.1 lb [or ( 15.2b . for a mixed preselected 
state] or Eqs. (14.64b and (15.23b for the case \F\ » AF. In particular, Eq. (14.11b with the account of Eq. (17.7b now 
becomes 

J (Re A„, + IcTpq Im Aw) + "pq^ |A>/ 
qs-q ^ = , (7.20) 

\+2yplmA,, + y^p^ |A,.,p 

whereas for a mixed preselected state one should replace |A„f ^ A[''" in Eq. ^OTM . 

The expressions for the meter parameters entering the present theory for the meter ( 11.12b with an arbitrary initial 
state are shown in Table|6] case 4. To derive these expressions, we used Eqs. ( 14.15b . ( 14.37b . (17.12b . ( 17.15b . the equality 

pqcP = pqp-qp^, (7.21) 
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Moments of the meter variables: 


No. 


Meter configuration 


O-pq 


pqcp 


PcqcPc 


1 


Zero or linear ({p) 











2 


Quadratic (ip), pi = 


b/2 


bp 





3 


Quadratic ((p) 


b/2 


bp^pJUApf 


b'plllihpf 


4 


General 




pH'cip) 


plaip) 



Table 6: Moments of meter variables used in the present theory, for a meter with F = p and R = q with different classes of initial states. Here, 
CM = ('(P) - q, and CM) = - P- 



and the following relation obtained in Appendix iDl 



Jqp = pH'ip)- (7.22) 

The case when ij/uip) is real or has a linear phase ^{p), is especially simple, since then the meter parameters listed in 
Table|6]vanish: see Table|6] configuration 1 (see also Sec. l7.2.3l l. 

Consider now the simplest case of a nonlinear phase in the momentum representation: a quadratic (ip). Using 
Eq. ( 17.151 ). it is easy to show that in the general case a quadratic (ip) satisfies the equation 

^ - ^ b(p-p) 
^^P^^'^^iKp^^' ™ 

where bis a real dimensionless parameter characterizing the quadratic phase modulation. Inserting Eq. ( 17.231 ) into the 
formulas for case 4 in Table|6]yields case 3 in Table|6] In particular, the linear-response result ( I4.13ab becomes 

qs-q ^ y(ReA,, + blmA„). (7.24) 

Now we obtain cTpg - b/2 (see Table|6] configuration 3), and the generalized uncertainty relation (|7.9l l now becomes 

ApAq > . (7.25) 

When pi - 0, which holds, e.g., for the function <l>(p) = \^m{p)\^, which is symmetric with respect to p, 0(/5) - 
0(2/? - p), the formulas for the case of the quadratic ^(p) simplify: see case 2 in Table|6] 

An example of a state with a quadratic phase and a symmetric 0{p) is a general complex Gaussian state given 
by Eqs. ( |1.49t and (11.501 ). The parameters Ap and in Eqs. ( 11.491 ) and ( 11.50b are related by Eq. (11.51b . which 
is essentially the generalized uncertainty relation (17.25b with the equals sign. A general Gaussian state implies the 
formulas in Table|6l case 2. 



7.2.2. Invariance with respect to a meter gauge transformation 

As mentioned above (see also Table|6]l, p and q are generally correlated (i.e., cTpq + 0) whenever the phase ^(/?) is 
nonlinear To understand better this result, we make the following remark. 

The formulas in Table |6] cases 1 and 4, imply that the average pointer deflection in the presence of a nonlinear 
(,(p) will not change if the meter is modified, as follows: (i) ^(/?) is replaced by a vanishing or at most linear in p 
phase Xip) (ii) the pointer is changed according to 

q ^ R^q + ('(p) + C, (7.26) 

where C is an arbitrary real constant. Equation ( 17.261 ) is a special case of the invariance property of the average pointer 
deflection under a gauge transformation of the meter, discussed in Appendix lA.2| [see. in particular, Eq. ( |A.9I )1. In the 
case of a quadratic ^(p) ( 17.23b . Eq. ( 17.26b becomes 



q — > R - q + bp + C. 
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(7.27) 



The modified pointer variable R in Eq. ( 17.26b is obviously correlated with p when ^(p) is nonlinear in p. 

Note that R is canonically conjugate to p, since [R,p] - [q,p] - i, for a ny ({p). This is not surprising, since the 
canonically conjugate variable is known to be determined not uniquely lll46ll . 



when Eq. (17.28b becomes, respectively. 



7.2.3. Measuring physical parameters 

a. Measuring y. As an application of the above results, let us discuss measuring the coupling strength y, using a 
conjugate-variable meter with \p\ < Ap. We will consider two cases: (i) the phase ^{p) in Eq. ( 17.1 lb is constant or 
linear and (ii) [,{p) is nonlinear. 

Case (i): a constant or linear (ip). In this case Eq. (17.20b is especially simple (cf. Table |6] case 1), 

qs-q ^ = ■ (7.28) 

1 + 2yp \mA„ + pi \aX 

This quantity differs from zero only when ReA„ is nonvanishing. The magnitude of the pointer deflection ( 17.28b is 
maximal for 

rA. . (7.29) 

-^s--q-±^^. (7.30) 

Thus, for p -Q{p + 0), the optimal A„ should be real (complex). The Heisenberg uncertainty relation [Eq. ( 17. 9b with 
CTpq = 0] and Eq. (17.30b imply that now 

l^.-^l < A^, (7.31) 

in agreement with the general Eq. (14.41b . The equality in Eq. (17.31b is achieved for a Gaussian initial state of the 
meter under the conditions ( 17. 29b . 

Case (ii): a nonlinear ({p). This case can be analyzed similarly to case (i), though generally Eq. (17.20b is more 
complicated than Eq. (17.28b . In contrast to case (i), this case shows the enhancement discussed in Sec. 14.6.21 In 
particular, in the optimal regime the maximum magnitude of the pointer deflection is of the order of Aq in both cases 
(i) and (ii), in agreement with the general result (14.41b . However, for a given Ap, the quantity Aq in case (ii) is 
greater than in case (i) due to a non-zero covariance o-pg [cf. Eq. ( |7.9b l. An increase of a nonlinear ^(p) leads to an 
increase of |crp^|, which in turn yields an enhancement of the maximum pointer deflection and thus an increase of the 
measurement accuracy. 

The enhancement of the pointer deflection occurs also in the linear-response regime, though, in contrast to the 
nonlinear regime, only when Im A,v [see Eq. ( I7.8b l. the increase being maximized when A„, is purely imaginary 
1 8^ 83 - 8^ 8^ . In both regimes, the increase of the pointer deflection is characterized by the enhancement coeflicient 
/ (14.53b . However, the optimal conditions are obtained only in the nonlinear regime. 

Let us consider two examples. 

First, we consider the case of a quadratic ({p) with p - p^ - 0. Then, as follows from Eq. (17.201) and Table |6l 
case 2, 

_ _ r(ReAH,-HfoImA^,) 

^ ~i 7,. o ■ (7-32) 

1 -I- y^ (A/?)2 A„, 2 



The magnitude of Eq. ( 17.32b is maximum for 



when Eq. ( 17.32b becomes, respectively. 



1 +ib 

yA„ = ± ; , (7.33) 

Ap Vl + 



-q.--q-.^^. (7.34) 

In view of Eq. (17.34b and the generalized uncertainty relation (17.251) . we again arrive at Eq. (17.31b . the equality where 
is achievable for a Gaussian i^m- 
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Note, however, that the pointer deflection in Eq. (I7.34l i is enhanced relative to Eq. (I7.30l i by the factor given exactly 
by Eq. ( 14.531 ). which now becomes 

/ = VTT^. (7.35) 

In particular, for \b\ » 1 we obtain that 

/ = » 1. (7.36) 

In the above example, just as in the linear case (I7.8l l. the enhancement cannot be obtained with a real weak value, 
since then the /j-dependent term disappears in Eq. ( 17.32b . The following example shows that in the nonlinear case a 
strong enhancement is possible even for a real A^,, when pqcP + 0. 

Let be real, C,{p) quadratic, and p\ - 0. Then Eq. (17.201) and Tabled case 2, yield 



yA^.+j^hpAl 



1 + y'- p'^ A\. 



(7.37) 



Now the pointer-deflection magnitude is maximal when 




1 + 



{hpY 



1/2) 



In particular, for 
Eq. ( 17.381 ) becomes 



» 1, 



qs-q = sgn(/:>) 



\p\ = A/7 

h 
2A^ 



(7.38) 



(7.39) 



(7.40) 



Comparing Eqs. ( 17.401 ) and ( 17.341 ) shows that now one has the same enhancement ( 17.361 ) as in the previous example. 

h. Tomography of weak values. Finally, we remark about tomography of weak values in case (i). In this case, in 
the linear regime, Eq. (11.411) . obviously only Re A,v can be measured |24]. In contrast, as implied by Eq. ( 17.28b . in the 
nonlinear regime generally both Re and ImA,i can be obtained (cf. Table|4l cases 2 and 3). 

7.2.4. Effects of the meter Hamiltonian 

The meter Hamiltonian is often nonzero in experiments. Therefore, let us consider the eff'ects of the met er Ha mil- 
tonian. For simplicity, we assume that the meter is described by the same Hamiltonian as a free particle | S^, 111 1. 



Hm = Hm\ — Hm? — 



P 

2m n 



(7.41) 



where mp is the "particle" mass. 

a. Effective initial state. First, we consider the case of the canonically conjugate meter variables (11.12b . Now the 
Hamiltonian ( 17.41b commutes with F - p, therefore, as discussed in Sec. 16. 31 the effects of the meter Hamiltonian can 
be taken into account by two equivalent ways: either through the effective initial state or through the effective pointer 

Here we describe the effects of the meter Hamiltonian by the effective initial state [see Eqs. (16.12b and (I6.8b l. 

MpJm) = exp(-/i/MfM)i/'M(p)- (7.42) 
Due to the Hamiltonian (17.41b . there is a quadratic contribution to the phase of ^uip, tu), with b given by the quantity 

2{Apf tu 



bitu) = 



(7.43) 



which increases with ty[. Thus, the eff'ective initial state can have a nonlinear phase modulation due to the free meter 
Hamiltonian, even when the phase of the initial meter state 4'm{p) vanishes or is linear in p. 



55 



Generally, the initial state t//M{p) has a nonlinear phase ^(p). As a result, the meter parameters for weak PPS 
measurements are the sums of the contribution due to ((p) (see Table |6] case 4) and the contribution due to the meter 
Hamiltonian, i.e., due to the quadratic phase modulation determined by the parameter b in Eq. ( 17.43b (see Table |6] 
case 3). 

In particular, in the simple case, when the initial meter phase in the momentum space is constant or linear, the 
effect of the meter Hamiltonian is to change case 1 in Table|6]to case 2 or 3. For a sufficiently long Im, this results in 
a large pointer-deflection enhancement [cf. Eq. ( 17.361 )1. 

/ . » 1, (7.44) 

When t//M{p) is a Gaussian, Eq. ( 17.441 ) can be recast also as 

f = ^ (7.45) 

where A^m is the uncertainty of q at the moment t^- To derive Eq. ( 17.451 ). we took into account that ApAqu - 
b(tM)/2 » 1 [cf. Eq. ( fT3n )1. which yields, in view of Eq. (IT43T ). 

A,M = (7.46) 



Equations ( 17.44b and (17.45b were obtained and checked experimentall y in Ref. MSOll (where the enhancement factor / 



is denoted by F) for the special case of linear response (see also Ref. Ill 1 In ). 

Note, however, that the same enhancement is obtainable also in the optimal regime, as discussed in Sec. 14.6.21 and 
shown by a direct calculation in Sec. 17.2.31 It is advantageous to perform experiments in the optimal regime, since 
the proper amplification and hence the total amplification [Eq. (I4.55b 1 are greater in the optimal regime by, at least, an 
order of magnitude than those in the linear regime. 

b. Effective pointer variable. Consider the case when F is arbitrary, whereas R - q. Now the Hamiltonian //m 
does not necessarily commute with F. In this case, as discussed in Sec. 16. 31 the effects of Hm can be taken into account 
through the eff'ective pointer variable. From Eqs. ( 16.6b . ( 16.9b . ( 16.10b and (17.41b we obtain that the effective pointer 
variable is 

qitm) ^ q+ —p, (7.47) 
nip 

both for PPS and standard measurements. Correspondingly, now the pointer deflection equals (irrespective of the 
measurement strength) 

qsj -q ^ iqs.f - q)o + — (psj - p)o- (7.48) 

nip 

Here the subscript s (/) corresponds to PPS (standard) measurements, whereas the two terms in the parentheses 
denoted by the subscript "0" are the unperturbed results of the measurements of the coordinate and the momentum, 
respectively, i.e., the results obtained in the absence of the meter Hamiltonian. 

Equation ( 17.48b implies that, when Im is very small, the effect of the meter Hamiltonian is negligible, 

qs.f -q = iqsj - q)o- (7.49) 

In the opposite limit, when Jm is sufficiently large, the unperturbed contribution from the coordinate can be neglected 
in Eq. ( 17.48b . and the measurement of the coordinate provides the unperturbed momentum deflection, 

qs.f -q^ —iPs.f - p)o- (7.50) 

nip 



In this case, the measurement of the momentum is "translated" into the measurement of the coordinate Il67ll . This is a 
very useful feature, since it is usually much easier to measure the position of a particle than its momentum. 

Note that the factor tu/mp in Eq. ( 17.50b increases with tu and hence can provide a strong enhancement. In the 
case ( 11.12b . this enhancement is equivalent to that mentioned above, which is due to the correlation between F and 
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R. However, generally (e.g., for F - q) the enhancement due to the meter Hamiltonian in Eq. ( 17.50b differs from the 
enhancement discussed above (Sec. l4.6.2] i. 

Let us discuss special cases. 

(i) Consider measurements with 

F^R^q, (7.51) 

such as the Stern-Gerlach experiments, both the standard one and that proposed by AAV (l^, and some optical 
experiments |73, 83-86, 89]. Note a difference between standard and weak PPS measurements for the case (17.51b . 
For standard measurements, the first term on the rhs of Eq. (17.48b vanishes [cf. Eq. (12.5b with F = R - q], i.e., the 
"translation" ( 17.501 ) is exact for any fM. Hence, effectively the meter variables are given by [cf. the case ( 11.761) 1 

F^q, R^—p. (7.52) 

In comparison, for PPS measurements both terms in Eq. ( 17.48b are generally nonzero. Now the "translation" ( 17.501 ) is 
approximate; it occurs only when tu is sufficiently long, whereas in the opposite limit of a short fM Eq. ( 17.491 ) holds 



(ii) Consider the meter ( 11.12b . Now for standard measurements, Eq. ( 17.491 ) is exact, i.e., effects of the meter 
Hamiltonian vanish. In contrast, for weak PPS measurements with the meter ( 11.12b . effects of the meter Hamiltonian 
do not vanish. Now Eq. ( 17.48b yields the results discussed above in paragraph a. This can be checked by inserting 
Eq. ( 17.20b and Eq. ( 17.1b with F = p on the rhs of Eq. (17.48b and using Table |6] Thus, the two seemingly different 
approaches developed for this case in paragraphs a. and c. are equivalent, in agreement with the discussion in Sec. 16. 31 
This equivalence implies that the quadratic phase characterized by the parameter (17.43b can be equivalently replaced 
by the effective pointer ( 17.47b . In turn, the latter equivalence is a consequence of the invariance of PPS measurements 
with respect to gauge transformations of the meter (Appendix lA.2l see also Sec. 17.2.2b . 

c. The covariance and the spatial spread. 

Consider a meter modeled as a particle moving in a potential, and let F - p and R - q. Due to nonzero meter 
Hamiltonian Hyi, the meter state is changing in time. We now assume, for simplicity, that the system Hamiltonian 
is zero. In the special case of instantaneous (impulsive) measurements, fM, k, h — > 0, Jozsa (l lO] obtained Eq. ( 17.8b . 
where the covariance CTpg is related to the rate at which the meter distribution is spreading in space by the equality 



(7.53) 

f=0 



_ mp d{[Aq(t)f 
"^"^ "2 dt 

where A^(f) is calculated for the free-evolving meter state pm(0 = e^'^"' py^e'^"' . As mentioned in Sec. 16.31 in 
the present case fM, ff, h — > 0, the measurement results are not modified by the meter Hamiltonian Hm, hence also 
Eq. ( 17.20b with a-pg obeying Eq. (17.53b holds now. 

Consider now whether it is possible to extend Eq. (17.53b to measurements with a finite duration, fM - fi > 0. For 
weak PPS measurements with a finite duration, even when the coupling is impulsive, ff - fi — > 0, the effects of the 
meter Hamiltonian generally cannot be taken into account by a relation of the form ( 17.53b . Indeed, when the meter 
Hamiltonian //m does not commute with the coupling Hamiltonian (11.8b . the effects of Hm are equivalent to a change 
of the pointer variable (see Sec. 16.3b . 

An exception is the case of the free-particle meter Hamiltonian (17.41b . Indeed, since the Hamiltonian (17.41b 
commutes with the coupling Hamiltonian (11.8b . then, as shown in Sec. 16.31 the meter Hamiltonian can be taken into 
account in measurements with a finite duration (0 < fi < ff < fM) simply by replacing the initial meter state pM with 
the state puitM) [see Eq. ( I6.12b l. This means that now Eqs. (17.8b and ( 17.20b are not changed, but Eq. (17.53b should be 
modified by the substitution f = — » f = fM, i.e.. 



nip d[[Aqit)f 

O-nn - — 



dt 



(7.54) 



7.3. Two-level meter 



Until recently, pre- and post-selected measurements were studied mainly employing a continuou s-var i able mete r. 
In a number of recent papers, measuring weak values of a qubit with a qubit meter was discussed 
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whereas the case of an arbitrary system measured with a qubit meter was considered in Ref. 01 1411 . A qubit (two-level) 
meter was used for weak PPS measurements of a qubit (ll , 72 , 77 , 88 ] and a continuous-variable system fg^, 91 ] . Here 
we discuss weak PPS measurements of an arbitrary system with a qubit meter, beyond the linear-response regime. 
For a general two-level (qubit) meter, the operators F and R can be written in the form. 



F ^Fi H-/o, Fx 
R^&-nR, 



(7.55) 
(7.56) 



where ny and Hr are unit vectors and /o is a real numberQ 

The meter parameters in the formulas of the present theory [see, e.g., Eqs. (I4.11l i. ( 14.381 1. ( 14.641 ). ( 15.21 ). and ( 15.231 )1 
are now given by 

~ ' (7.60) 

(7.61) 



F^F,+ /(,, = 1 + 2/oFi + /2, ^F = ^1-^2^ 



R^ F ^ Mr- RFi + iM,. 



FR,F = M-R + 2/o(Mr - RFi), 
T^RJI = M - 2F,Mr + R{2F\ - 1), 



where 



Ms^ReTJfi, Mi^lmRFu M ^ FyRFy. 
From Eqs. (17.55b . (17.561 ). and ( 17.63b we obtain that 

Mr = 005 7], Ml = F2sinri, M - Ficosr] - Fisinrj. 

Here 

Fi = Tr [((? ■ n/)pM] 

and 77 (0 < ?7 < tt) is the angle between «i and ««, whereas n2,3 are unit vectors defined by 

flR X ftl 



sm?/ 



n^, — ni X n2- 



(7.62) 
(7.63) 

(7.64) 
(7.65) 

(7.66) 



Note that for noncommuting R and F (i.e., for // 0), {ni, n2, is an orthonormal basis in the Bloch sphere of the 
meter. 

The general initial condition for a two-level meter is 



where sm is the pseudospin. Using Eq. ( 17.67b . we obtain that in Eqs. (l7.61b -( IT62l ) and (17.65b 

R^ sm- fiR, Fi = 5m ■ 



(7.67) 



(7.68) 



' Note that in the most general case R has the form 

R = ri(? ■ + ro, (7.57) 

where rg and ri are real. As implied by Eq. j3.9t . replacing Eq. j7.56t by Eq. 17.57) results in multiplying the expression for S, - Rby ri. 
Similarly, the most general F has the form 

F = fdF,+fo), (7.58) 
where /i is real. However, when the factor f\ 1 , it can be absorbed in the parameter g(f) in the Hamiltonian 11.8) and, hence, also in the coupling 
strength y. Hence, using Eq. )7.58t instead of Eq. )7.55t results in the following substitution in the formulas of the present theory, 

y^/ir- (V-59) 
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Moments of the meter variables 




No. 


Meter configuration 


R 




RcF 


FR,F 


FcRcFc 


1 










i 








2 


«! = wr, ■ ni = 








1 


2/0 





3 


iM = "2 










2/o cos 77 





4 


"1 = wr 


Sm ■ "1 


Sm ■ ni 


fi 


2/0/2 


-2/^1/2 


5 


4i = wr 


1 


cos T] 





- sin^ 7] 


- sin^ 77 


6 


Sm = HR, «! J- hr 


1 








-1 


-1 


7 


Sm = 








cos Tj 


2/0 cos 7] 






Table 7: Moments of meter vaiiables used in the present theory, for various configurations of a two-level meter. The parameter Fi determines F, 
J^, and AF by Eq. fTeol . whereas /2 = 1 - (.?m ■ "i)- = (AF)". 



the quantities Fj being the components of the pseudospin in the orthonormal basis {«] , na, n^}. 

When R and F commute, then 77 = or tt, i.e., Hi = +nR. In this case, the quantities F23 are not defined, but they 
drop from the expressions, and Eqs. ( I7.64l i and ( 17.681 1 yield that 

Mr = ±1, M/ = 0, M^R^ ±Fi, (7.69) 

where the choice of the sign on the right-hand sides of the equations coincides with that in the equality iii - 

In the present case of a two-level meter there are a number of free parameters, variation of which allows one to 
obtain desirable values of the meter moments. Several possible configurations of the qubit meter are listed in Table 
Q To obtain the values of the moments of the meter variables shown in Table |7] we used Eqs. ( I7.62l i. (17.64b . (17.661 1, 
dlMll, and (nWi . 

A simple, but important, case is obtained when «i , sm) is a right-handed basis in the Bloch sphere of the meter, 
see meter configuration 1 in Table Q This situation is similar to case 1 in Table |6] To obtain the explicit expression, 
we combine the data of configuration 1 in Table|7]with Eqs. (17.60b and (14.11b . yielding 

R^P = ^ ^ r. (7.70) 

l+2r/oImA,.„+r2(l+/2)|A,,|2 

Another simple situation, which is especially suitable for the case of an imaginary weak value, is given by configura- 
tion 2 in Table |7l when we obtain 

^(2)^ 2yImA., + 2yVo|A,,p 
^ l+2r/oImA,.„+r2(l+/2)|A,,|2' 

The superscripts "(1)" and "(2)" remind that Eqs. ( 17.701 ) and ( 17.711 ) relate to cases 1 and 2 in Tabled Equations ( 17.70b 
and ( 17.71b simplify in the linear regime, where yA^ is small, yielding respectively [cf. Eqs. ( 11.41b and ( ll.42b l 

^(;' = 2rReA„, (7.72) 

^(2) ^2rImA„,. (7.73) 

Note that in configuration 2 in Table |7] the meter may be in a pure or mixed state with sm -L "i or even in the 
completely mixed state, sm - 0. The fact that the purity of the meter state is not important in this case may be used to 
simplify experiments on weak PPS measurements, which employ configuration 2 in Table [T] 

When the weak value is complex, joint measurements with meter configurations 1 and 2 allow one to perform 
weak-value tomography (i.e., to obtain the real and imaginary parts of the weak value). One can work in the linear- 
response regime, using Eqs. ( 17.72b and ( 17.73b . or in the strongly-nonlinear regime, using Eqs. (17.70b and ( 17.71b (see 
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Sec. 14.71 1. The linear-response version of this method was demonstratecH experimentally in Ref. 1 91 ] . 



Table|7]lists also several other possible meter configurations. In particular, case 3 resembles cases 2 and 4 in Table 
|6] case 1 in Table|7]being a special case of case 3 for rf - njl. Configurations 2 and 4-7 in Table|7]are examples of non- 
standard meters. In configurations 2 and 4, R and F commute, configuration 2 being a special case of configuration 4. 
In configurations 5 and 6, AT? = since then pM is a pure state which is an eigenstate of R (see also Sec. 17. lb : case 6 is 
a special case of case 5. Finally, configuration 7 is the case of a completely mixed state of the meter; this demonstrates 
the possibility of weak PPS measurements with meters in a completely mixed state. A special case of configuration 7 
with «i - hr is included in case 2. 

The above results show that for weak PPS measurements, the qubit meter is at least as versatile as the continuous- 
variable meter One or more of the parameters entering Table |7] can be varied in experiments in order to perform 
tomography of weak values or optimize the measurements. 

7.4. Experiments where the average input variable is nonzero, F ^ 

In previous theoretical and experimental studies of weak PPS measurements, F has been always set to zero, exactly 
or effectively. In the present theory we do not make this assumption, i.e., now generally F + Q. Still, as shown above, 
the linear response does not depend on F [see Eq. ( I4.l3l l1: however, its validity condition generally does depend on F 
[seeEq. gSBl- 

What is more important, as shown above, in the nonlinear regime, weak PPS measurements depend significantly 
on the value of F. In particular, a nonzero F can facilitate measurements of A„, and y (Sees. I4.7.5l and l7.2.3b . whereas 
the optimal regime for \F\ » h.F has some advantages, as discussed in Sees. 14.81 and |53] Here we mention some 
systems for which the above efi'ects can be checked experimentally. 

Qubit meter is a simple example of a meter for which generally F + Q (Sec. 17.3b . As follows from Eq. (17.60b . 
for qubit meters the ratio F/AF can be easily tuned by changing Fi, i.e., by changing the initial meter state pM (for 
specific examples, see the values of Fi in Table |7]l. Moreover, F is always nonzero when F is a projector; it can also 



be shown that this is the case for the experiments Il72ll78ll . 



The quantity \F\ can be very large, as in th e propo sed Stern-Gerlach experiment 112411 and in the actual optical 



experiments using birefringent elements ifTOi 72 , 73 , 3 llS ET^ • In this case, under certain conditions the effects of F 
can be often eliminated ll2411 . using the invariance of PPS measurements under gauge transformations of the system, 
see Appendix lA.ll especially Eqs. ( IA.4b and ( IA.5b . Indeed, in a typical case of a two-level system with A = cr-, 
Eqs. (I A. 4b and ( IA.5b imply that F is effectively zero in PPS measurements when ||24<] 

jF^nn for « =0,±l,+2,.... (7.75) 

In the above optical experiments y was not varied, since it was fixed by the condition ( 17.75b with some value of n. 

As discussed above, a nonzero F can be useful in the nonlinear regime. In the case of very large F, one can obtain 
an effective F of an arbitrary magnitude by making the value of y or F slightly differing from that fixed by Eq. (17.75b . 
Then, in view of Eqs. (17.75b and (IA.5b . in the results for PPS measurements obtained in the present paper, the average 
of F should be substituted by its effective value, 

- nn 

F ^ F , (7.76) 

r 

where n is the integer minimizing \F - nn/yl. In particular, inserting Eq. ( 17.76b into the validity conditions of the 
present theory and of different regimes, such as, e.g., Eqs. ( 14.7b and ( 15.15b . provides the limits for the allowed values 
of the quantity F - nn/y. 



**More specifically, in Ref. t9m in both configurations 1 and 2, F is the operator of a spin component, so that the parameters in Eq. )7.58t are 
given by /o = and fi = 1/2. As a result, Eq. )7.59t implies that Eqs. )7.72t and 17. 73) become now, respectively, 

R^" = yReA,,,, Rf^ = yImA,,,. (7.74) 
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Finally, we note that F can be tuned also by performing in any part of the interval (0, fs) an additional unitary 
transformation U' = exp(-/Q'A) on the system, where a is a real number This will replace the transformation U 
(ll.lOl l by UU', which is equivalent to the replacement 

F ^ F+-. (7.77) 

r 

8. Distribution of the pointer values 

Higher-order moments R" of R can be obtained by substituting R ^ R" in Eq. ( 14.1 11 1 or i5.2\ . These moments can 
be written in the form 

^ = ^ro,(/?), (8.1) 

R 

where (^s{R) is the distribution of the eigenvalues R of R for f > ff . Hence, the maximum information is provided by 
the distribution Os(/?), discussed in this section. 

8.1. General meter 

Here we discuss the case of a general meter which can be a system with a finite number of states or a continuous- 
variable system. For simplicity, we will consider <l>j(/?) for a nondegenerate^; then 

<^AR) = \R)^\s, (8.2) 

where \R) is the eigenvector of R with the eigenvalue R. Substituting R — > \R){R\ into Eq. (14.12b yields 

<!>,(/?) = mR) + 2r Im [AMR)] + r' <i>2(R)}/Qo, (8.3) 

where ^(R) - {R\pm\R) is the initial distribution of R, (^\(R) - {R\Fpm\R) is generally complex, and <^2iR) = 
{R\FpmF\R) is real, whereas 

= l+2yF Im A„, \Aj\ (8.4) 

Here and below in Sec. |8]we assume that the initial state of the system is pure; if this is not the case, the results 
obtained still hold under the replacement ( I5.4l i. Consider several important cases. 
When the meter is initially in a pure state |i/'m), then in Eq. (18.3b 

m) = \>J^m(R)\\ ^i(R)^rM(R)dR, ^2(R)^\dR\\ (8.5) 

where 

MR) = </?|iAm), dR = {R\F\ilrM}. (8.6) 

The dependence ^siR) ( 18.31) simplifies when F is a function of R, F = h{R), which implies that [F, R} - 0. (For 
nondegenerate F and R, the equality F - h{R) holds if and only if [F, R} -Q.) Then in Eq. (18.3b 

^n{R) = h\R)m) (« = 1,2), (8.7) 

^\{R) now being real. 

Note that in the case F - h{R) the final pointer distribution (18.3b depends on the initial probability distribution 
0(7?) but not on the coherent properties of the initial state pM [cf. Eq. ( 18.71) 1. whereas for noncommuting F and R, 
Eq. ( 18.3b generally depends on the phase of the initial state [cf. Eq. ( I8.5b l. 
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8.2. Continuous-variable meter 

Consider now in more detail the distribution of the values of a continuous pointer variable (e.g., p or oY In the 



previous studies, it was assumed that the initial meter state is a real Gaussian in the F or R representation 112411 . Here 
we only assume that the initial pointer distribution ^(R) has a bell-like shape (e.g., Lorentzian or Gaussian). 

Note that the validity condition for the result ( 18.31 ) for ^s{R) generally depends on R. In the main part of the peak 
<l>s(/?), i.e., in the interval within the peak width, the validity condition is the same as for Rs (see Sees. I4.ll and l5.2l i. 
However, for far tails of Oj(7?) the present theory can fail, as illustrated by examples shown below. This is explained 
by the fact that the validity conditions of the present theory can become much stricter for the tails than for the central 
part of ^siR)- Since far tails of (i>s{R) are of little interest, we do not go further into this point. 

A weak PPS measurement can change the distribution of R significantly or slightly, depending on the values of 
the parameters, as discussed below. When the effect of the measurement is not too strong, an initially bell-shaped 
distribution can remain bell-shaped with the maximum generally shifted from the initial po s ition . Thi s shift is impor- 



tant in some applications, such as superluminal propagation and slow light 11671 174 175L l78ll 1 04 1 1 2811 . If this shift is 
sufficiently small, simple formulas for the shift can be derived, as shown below. These formulas hold regardless of 
whether the shape of the distribution changes or remains the same. Recall that some cases where the distribution is 
shifted practically without a change of the shape are listed in Sec. 11.4.21 

8.2.1. Coinciding meter variables, R — F 

We begin with the simple case R-F. Then Eqs. ( 18.3b and ( 18.7b yield 

<D,(F) = cD(F) [1 + 2y{\mA,,)F + \A,,\^F^]I Q^, (8.8) 

where ^{F) - {F\py[\F) is the distribution of F before the measurement (at f = 0). Thus, (i> s{F) I <^{F) is a quadratic 
polynomial in F. 

Note that the linear-response approximation provides a wrong result for the tails of the distribution ( 18.81 ) even in 
the linear-response regime ( 14.22b . since for large \F\ the nonlinear term dominates in Eq. (18.8b . This is an indication 
that for the case R-F the present theory does not describe the far tails of ^s{F), as discussed above. 

The quantity <S> s{F) I (^{F) is minimal at 

_ ImAH, 

where 

<l>(^'min) lA^.peo ■ 

Thus, <^s(F) is always positive, except for the case of a purely imaginary weak value, ReA„, - 0, when 

<l>.(F„i„) = 0, F^in = -(rImAJ-i. (8.11) 

Consider now the typical case 1^1 < (the other case \F\ » AF is discussed in the last paragraph of this 
subsection). In the linear regime [Eq. ( 14.20b or ( 15.171 )1 the main part of ^AF), except for the far tails, is given by 

^,{F) ^ 0(F) [1 + 2r (ImA„.)f ] for \F - F\ < AF. (8.12) 

This equation implies that, like 0(F), the function ^s{F) (18.12b has a bell-like shape with the maximum of 'l>j(F) 
shifted from the maximum F^ax of 0(F) by 

AF„„ = P{F,-F) = 2/?r(AF)2lmA„,. (8.13) 



(8.10) 



P = TA„^2 ' (8.14) 



Here Fs is given by Eq. ( 17.2b and 

1>(^max) 

W(R^x)\ (A/?) 

where now R-F, the primes denoting the second derivative. In the derivation of Eq. ( 18.13b we assumed that the peak 
top has a parabolic shape, 

(D(F) ^ a)(F„,ax) - WiF^MF - F^,xfl2 for \F - F^,x\ « AF (8.15) 
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When <1>(F) is Gaussian, then yS = 1 in Eq. ( 18.131 1, and we again obtain Eq. ( 11.54b . However, for a general non- 
Gaussian 0(F), Eq. ( 18.13b shows that the shift of the maximum AFmax differs from the average pointer deflection 
(Fs - by a dimensionless factor /3, which depends on the shape of 0(F). 

In the opposite limit A^^. — > oo, i.e., for mutually orthogonal \iff} and Eq. ( 18.81 ) yields 



F20(F) 

0,(F) = (8.16) 

This equality holds approximately also for y^lA,,,]^ » 1/ F^. Now the function Oj(F) has two peaks of comparable 
heights, at least, for \F\ < AF. 

In contrast, when \F\ » AF, <i>siF) is a bell-shaped function, except for the case ( I4.62l )-( l4r63] ). where the narrow 
resonance (14.64b occurs. The shift of the maximum of this bell-shaped function from the maximum of 0(F) can be 
shown to be given approximately by the first equality in Eq. (18.13b . However, now the average pointer deflection 
(Fs - F) is described by a nonlinear formula, so that 

AF.. . f^iF. - F) - ^2yiAF)Hln.A...yF\AJ^) 
^ ^l+2yFlmA„+y2F'-\Aj2' 

which follows from Eq. ( 17.1b for |F| » AF. In Eq. ( 18.171 ) we took into account that for |F| » AF one has 

F2 = (AFf +P ^ P (8.18) 

and [cf. Eq. (gj))] _ 

F^-F^F = 2{AFfF + Fl ^ liAFfF. (8.19) 

This result is obtained if the condition (18.15b holds and if 0(F) is not too asymmetric, so that Fmax ~ F. Note that for 
a Gaussian 0(F), /? = 1 in Eq. (ISTTI l. 

Finally, we note that the general Eq. ( 18.8b simplifies for an imaginary weak value. 



0,(F) = 0(F)[l+y(ImA„)F]Veo. (8.20) 

In particular, the intensity distribution of the "split-Gaussian mode" obtained in Ref. [133'] can be interpreted quantum- 
mechanically as a quantity proportional to a special case ofEq. (11201) (see SecfH]). 

8.2.2. Canonically conjugate R and F 

Here we study a meter with canonically conjugate variables R and F. For such a meter, the shift of the pointer 
distribution is known to be proportional to Re A,,,, at least, when the initial meter state in the pointer representation is 
real Gaussian ^A. 69l 80[ 1 1 1 Sll . However, for the general case the shift has not been discussed yet. 



a 



Here we assume that the meter is initially in a pure state Ii/^m), the pointer distribution possessing an arbitrary 
bell-like shape. In particular, we will show that for a complex Gaussian and for non-Gaussian states, the shift of the 
maximum of the pointer distribution generally depends on both the real and imaginary parts of the weak value. 

For the canonically conjugate variables (11.12b . the second Eq. ( 18.6b yields dq - -ii//'j^(q), where the prime denotes 
diff'erentiation. Then Eqs. dOt-dO) yield that 

O(^) - 2yRc[A,,rM(lWl)^ + rMX \>I^'m(i)\^ ^, , 

1 + 2yp Im A„, + y^ |A„,p 

This expression depends on the phase of the initial state, unlike the results in Sec. 18.2.11 

For lyA,, ! <K (p^)"'^^ [cf. Eq. (I4.20b l and \q - q\ < Aq one can use in Eq. (18.21b the approximation linear in y, 
yielding 

0,(^) * <i>{q)-2yRe[A„i/fl,(q)il,'^(q)] 

= O(^) - r (Re A„) O'(^) + 2yilmAJ^'(qmq), (8.22) 
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where in the last equaUty Eq. (17.10b is taken into account. We assume that <1'(^) is a bell-shaped function with the 
maximum at ^max, so that for \q - ^maxl ^ A^, 

0(g) ^ ^(q^,,) - W{q^,,)\{q " ?max)'/2. (8.23) 

Moreover, in some interval \q - qm-dx\ ^ A^, we have 

^'{q) ~ ^'(O'max) + ^'iqmax){q ' ?max), (8.24) 

where the double primes denote the second derivative. Then 'I>j(^) is also a bell-shaped function with the maximum 
at g'max + A^max, whcre 

A^max = r [Re Ah. + 2/3 ^"(^„ax) (M? Im A,,]. (8.25) 
Here /3 is given by Eq. ( I8.14l i with R - q. Equation ( 18.251 1 holds when 

lA^maxI <K min{A^, A^). (8.26) 

Equation ( 18.251 1 shows that generally the shift of the maximum of the distribution of q depends on both the real 
and imaginary parts of the weak value. Generally, the shift does not coincide with the average pointer deflection, 
A^max + qs-q- 

However, there are cases when Eq. ( 18.251 1 possesses the convenient property ( 11.451 ). which now has the form 

A^max ^qs-q- (8.27) 

In particular, Eq. ( I8.27l i holds in the following cases. 

(a) The weak value is real. In this case Eq. ( 11.481 1 holds, as shown above. 

(b) The phase of i/'m(?) is vanishing or linear in q. In this case, Eq. ( 18.251 ) simplifies and becomes equal to the average 
pointer deflection (11.41b . 

A^max = - ^ = yRe A„. (8.28) 



Previously ll24ll Eq. ( 18.28b was obtained for the special case when ij/uiq) is a real Gaussian [see Eq. ( 11.501 ) with 
p = b = Ol 

(c) if/Miq) is a general complex Gaussian state. For this state we obtained above Eq. ( 11.521 ). Here we can derive 
Eq. ( 11.521 ) in a different way. Namely, taking into account that for a general Gaussian state, = 1 and the phase ^(q) 
is [see Eq. ( I1.50b l 

b(q-qf 
4(A^)2 

we obtain that Eq. ( 18.25b coincides with Eq. ( 17.24b . 

For orthogonal states Itfr) and |0) (when - oo), Eq. (18.21b yields 



«9)=^fcTr+» (8-29) 



= - '/^'^tf^if-'^M'-'W. ,8,30, 

P^ P^ 

where Eq. ( 17.101 ) was used. In particular, for a real (Am(<?), the function (18.30b becomes 

^s(q) = [/;(?)]'/?; (8.31) 

it has two peaks of comparable heights with the minimum 't>s{qmsLx) = at the maximum of 0(q). However, for a 
complex il/uiq), Eq- (18.30b generally does not vanish at any point. 
As an example, for a real Gaussian state Eq. (18.31b becomes 



Z^jq-q)^ 

'^.s(q) = ,2 exp 

(A^)^ 



(q-qf 



2(A^)2 



(8.32) 



This is a two-peak function, symmetric with respect to q and vanishing at q - q. Previously, an unnormalized 
distribution proportional to Eq. (18.32b was obtained numerically (Fig. 4(b) in Ref. lll03h and experimentally (Fig. 2(c) 
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in Ref. |70]). In contrast to Eq. ( 18.32b . for the complex Gaussian meter state ( 11.501 ) the distribution ( 18.301 ) vanishes 
nowhere and is generally not symmetric. 

Note that the general Eq. ( 18.211 ) can be written in an explicit form for the complex Gaussian state ( 11.501 1. In this 
case ^s(<l)/^(<l) is a quadratic function of q, where 

^ ^ (8.33) 



<b(q) = Z^exp 



2{Aq) 



In particular, for a real Gaussian state, Eq. ( 11.501 1 with p - q - b - Q, and a real A„, we obtain a simple result, 

1 + (yA,yAp)^ 

where Ap = {2Aq)-^ [cf. Eq. (TJTi with b = Q]. 

In the case of a complex Gaussian state, as in Sec. 18.2.11 the present theory is not applicable for the far tails 
of 3>j(^). An indication to this is the fact that the far tails in Eq. ( 18.341 ) cannot be described by the linear-response 
approximation, irrespective of how weak the coupling is, since the term oc j^q^ in the numerator of Eq. (18.34b always 
dominates for sufficiently large \q\. 

9. Weak values for a qubit 

Weak values for a qu bit w ere calculated previously for a number of special cases, usually with a pure prese- 
lected state [24, 80, 83, llll ll 14ll . Here we provide a general study of the standard and associated weak values A„ 
and A[,I''* for a qubit, with an arbitrary preselected state. 

9.1. General formulas 

We assume that the measured system operator is 

A=(T-n^, (9.1) 

where c? = {o-^-, cr,., cr^) is the vector of the Pauli matrices and n is a unit vector in the Bloch sphere. The operator (19.1b 
has the eigenvalues +1. Generally, the pre- and post-selected states of the qubit are, respectively, 

p = (/ + A„(?-nm)/2 (0<P,„<1), 

= 10X01 = (/ + (?■ ;t/)/2. (9.2) 

Here iiin and «/ are unit vectors, Pi„ iiin and «/ being the pseudospins of p and \(p}, respectively, whereas Pi„ is the 
length of the initial-state pseudospin. 

Pin characterizes the purity of the initial state; Pi„ varies from 1, corresponding to a pure state, to for a maximally 
mixed state. The initial state p can also be written in the form of the spectral expansion (15.6b . 

1 + ^'in ^ ^ 1 - An 
P = ^ IWinXwinl + ^ I - nin><-«inl, (9.3) 

where is a state with the pseudospin given by the unit vector Equation ( 19.3b impUes that Pin is expressed 
through the eigenvalues of p by the relation 

An = l^l-^2|. (9.4) 

Taking into account that O^^ - Tr (OTI^) for any operator (9 of a qubit, we obtain from Eqs. ( 11.58b . ( 15.4b . and (19.2b 

that 

flA ■ flf + PiajriA ■ Win + '«A ' «in X W/) 
1 + ^^inWin ■ «/ 
_ 1 - Win ■ »/ + P-miflA ■ «in)(«4 ' »/) 
" 1 + Pinnin -flf ' 

According to Eq. ( 19. 5b . A^, is generally complex. A^. is real if the vectors ha, ftm, and n/ lie in the same plane or for 
Pin = (the completely mixed initial state), whereas A„, is purely imaginary when ha is perpendicular to the sum of 
the pre- and post-selected pseudospins Pin Win + «/ and, in addition, the vectors ni„ and «/ are not collinear 
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9.2. Conditions for maximizing weak values 

Equation (19. 5t shows that a necessary condition for \Ah\ to be large is PinWin ■ «/ - -1 or, equivalently, the 
simuhaneous relations 

Win - -«/, An - 1- (9.6) 
The conditions (19.6b ensure that the overlap between the initial and final states is small, 

<K 1. (9.7) 

In the case of a pure preselected state, f ;„ - 1, the condition ( 19.61 1 or ( |9.7| l requires that the pre- and post-selected 
states be almost orthogonal. In the case of a mixed preselected state, the condition (|9.61 l requires that the preselected 
state p be almost pure and that its eigenstate corresponding to the greater eigenvalue, i.e., |«in) [cf. Eq. (|9.3l l1. be almost 
(or completely) orthogonal to the post-selected state. 

The condition ( 19.6b is necessary but not sufficient to maximize the weak value. In the further study of conditions 
under which the weak value is maximal, we consider separately the cases of pure and mixed preselected states. As 
mentioned above, in the case of a pure preselected state, Eq. (19. 7b means that the initial and final states are almost 
orthogonal, K<^|i/')| <k 1. This condition is equivalent to 

\>lf) - 10) - 1^2), (9.8) 

where \(p2)] is an orthonormal basis, 

I0i> = l«o), 102) = I -«o). (9.9) 

Here no is a unit vector in the Bloch sphere. Note that the pseudospin «o is not uniquely determined by the condition 
, and actually there is a narrow cone of possible values of no. 
Anyhow, in the case (19. 8b for any allowed value of no, Eq. ( 11.36b yields 



A, 



'2<?1 



(9.10) 



For a given magnitude of the overlap \{(p\\l/)\, the magnitude of the weak value |A,v| is maximal when lA^^^jj | is maximal. 
For the operator A in Eq. (19.1b . the following equality can be shown to hold, 

|A^,^J = sin77i, (9.11) 

where tji is the angle between n^ and hq. Hence, the maximal lA^^^J = 1 is obtained for any basis {|0i), 102)) 
coiTesponding to a vector no perpendicular to Ha, 

no±nA- (9.12) 

Accordingly, the value of |A„.| is maximum for a given \{(p\ifr}\ <K 1, when the pre- and post-selected states satisfy 
Eqs. ( 19.8b with the states (19.9b obeying Eq. (19.12b : the above maximum of |A„,| equals [cf. Eq. ( 19. 10b 1 

iA„.imax = Kmr'- (9.13) 

In the case of a mixed preselected state, Eq. ( 19.131 ) does not hold, however the conditions for maximizing |A„,| are 
the same as above, with the only difference that now in Eq. ( 19. 8b 10) should be replaced by \ni„}. In the next subsection, 
we provide explicit formulas for weak values of a qubit. 

9.3. Explicit formulas for a typical case 

Let us consider in detail a typical case. First, we recall that a unit vector in the Bloch sphere has the form 

n = (sin /<• cos V, sin /c sin V, cos /<•), where </<■< tt, -;7r < v < tt. (9.14) 
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Here k and v are the usual spherical coordinates of the pseudospin, i.e., k is the angle between the pseudospin and the 
z axis, whereas the projection of n on the xy plane forms the polar angle v with x. A pure state with the pseudospin n 
is given by 

\n} = cos(/^/2)|0) + exp(/v)sin(/f/2)|l>. (9.15) 

We assume here that A - ctj., i.e.. Ha - x. Moreover, we set «!„ - it and iif - —z; the latter equality impUes 
\(p) = Note that the angle a- is a measure of the overlap of the pre- and post-selected states, since 

1(01^)1 = sin ^. (9.16) 
K^2\{(l)\ilj)\ for « 1. (9.17) 



In particular, for small k. 
Then Eq. (|93]l yields 



Pin sin/f n n 1 + COS K 

A„ = exp(-/v), A = -— . (9.18) 

1 - fin COS K 1 - "in COS K 

For a pure initial state (fin = 1) Eq. ( 19.181 1 yields 

A„, = cot(^)exp(-/v). (9.19) 

Note that, as shown by Eqs. ( 19.181 ) and ( 19.191 ), the phase of A„, can be chosen at will by an appropriate choice of the 
initial and final states. In particular, the weak value in Eqs. ( 19.18b and ( 19.191 ) is real (imaginary) when it, Eq. ( I9.14l i. 
lies in the xz {yz) plane. 

For K ^ \ the weak value in Eq. ( |9.19t is large, tending to infinity for — > 0. Now the expression for Ai^. simplifies, 

A„, K - exp(-iv) (k <k 1). (9.20) 

K 

For a mixed initial state, the necessary conditions for a large weak value ( 19. 6t become now Pin ~ 1 and <sc 1 . In 
this case Eq. ( |9.18t becomes approximately 

_ 2Kexp(-iv) _ 4 

- ^2+2(1 -P,n)' - ^2+2(1 -P,n)- ^ ^ 

Now |A,v| and A[J''^ as functions of k have dispersive and Lorentzian shapes, respectively. Equation ( 19.211 1 shows 
explicitly that the weak values for a qubit with a mixed preselected state are always finite. 

The conditions, under which the above results ( |9.20t and ( |9.21| l have been obtained, satisfy the above requirements 
for maximizing weak values, Eqs. i9.6i and ( |9.12t ; in particular, now no - z and - ^. Correspondingly, Eq. ( 19.201 1 
yields the same |A„.| as in Eq. ( 19.13b . in view of Eq. ( 19.17b . 

In Fig.|6]the weak values A^. for pure and mixed preselected states with v = as well as the quantity [A[,!''^]'^^ 
for a mixed state with an arbitrary v [see Eq. (19. 19b and (|9.18b l are plotted versus the angle k, i.e., essentially versus 
the overlap K^li^)! [cf. Eqs. ( 19. 16b and (|9.17b l. Note that the quantity A^ corresponding to v = coincides with |A„| 
corresponding to an arbitrary v; indeed, Eq. ( 19. 18b implies that 

Pin sin K 

= AJ,=o = • (9.22) 

1 - Pin COS K 

Hence, the solid and and dot-dashed curves in Fig.|6]show both A,v and |A„,|. 
For 

^2»2(1-P,n), (9.23) 

the weak values for the pure and mixed preselected states [Eqs. ( 19. 19b and (19. 18b , respectively] are approximately 
equal, whereas A[,!''* « |A„,p (cf. Fig.|6]l. However, for 

< 2(1 - P,n) (9.24) 
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Angle K 

Figure 6: (color online). Weak values for a qubit versus the angle k. We sliow A,i and |A„.| for a pure preselected state, Eq. )9.19t . and A„ , |A„.|, and 
[aJ'"' for a mixed preselected state witli P|„ = 0.99, Eq. 19.181 . Tlie quantity A„. is shown for y = 0. Since |Ah.| corresponding to an arbitrary v 
equals A,y corresponding to y = 0, the solid and and dot-dashed curves show both A„ and |A„.|. 



the magnitude of the weak value for a mixed preselected state is significantly less than that for a pure preselected state 
and also than [A*J''^]'^^ (cf. Fig.|6l). Both \A^J\ and A^J''' have large \mi finite maxima: 

lAJ = [2(1-An)]"'^' at ^=[2(l-Pi„)]'/2 (9 25) 

and 

AL'-'^ = at ^ = 0. (9.26) 

It is interesting that now lim^^oAw - for a mixed preselected state. In contrast, for a pure preselected state, 
lim^r^o A„, = oo, as one would expect. 

Equation ( 19.251 ) shows that the maximum weak-value magnitude increases with the purity of the preselected state. 
This dependence is rather slow; e.g., for a rather pure state with Pin = 0.99, the maximum |A„ | is only VSO a; 7.1 (see 
the dot-dashed curve in Fig.|6]l. Generally, to achieve the weak-value magnitude A„,i, the parameter Pi,, should satisfy 
the condition 

l-Pin<(2A2;)-i. (9.27) 

For example, to obtain |A„,| - 100, it is necessary that 1 - 5 x 10"^ < Pin < 1. 

Here we assume that the post-selection measurement is ideal. However, a non-ideal post-selection measurement 
can effect PPS measurements in the same manner as a mixed preselected state, as shown below in Sec. 113.51 



10. PPS measurements of arbitrary strength: Exact solution for a qubit 

Here we obtain exact results for pre- and post-selected measurements of arbitrary strength in the case of a two- 
level system (qubit). First we consider the case of a general meter and then discuss three specific examples of the 
meter. 
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10.1. Formulas for a general meter 

10.1.1. Average pointer value 

As above, we assume that the measured operator A of the qubit has the form ( 19.1b . Taking into account that A^ - /, 
where / is the unity operator, Eq. (II. 10b yields 

U = cos(rf') - iA s\n{yF). (10.1) 

On inserting Eq. ( llO.lb into Eqs. ( 13.81 ) and ( 13.41 ). we obtain from Eq. ( 13.71 ) that 

Rs = [Gee + 2Im(A,,Ges) + A<j'i)Gss]/ei, (10.2a) 

where 

gi = [1 + Mr + 2MJmA„, + (1 - M,)A[,'''>]/2. (10.2b) 

In Eqs. (110.2b we denoted 

Gee = cos{jF)R cos(jF), Gcs = cos{jF)R siniyF), Gss = sin(yF)/? sin('yF), 

Me = cos(2rF), Mj = sin(2yf) (10.3) 

It is interesting that the qubit parameters enter the exact Eqs. ( 110.2b through the same weak values A„ and A[^'''^ (see 
Sec.|9]l as in the weak-coupling case, Eq. (15.3b . Equation ( 15.31 ) results on expanding Eqs. ( 110.21 ) in powers of y up to 
and neglecting small terms as discussed in Sec. 14. 31 

10.1.2. Pointer distribution 

An exact expression for the pointer-value distribution is obtained from Eq. (110. 2ab under the substitution R — > 
\R}{Rl using Eq. dOl- This yields 

<^siR) = {Oec(/?) + 2Im[A„(D,e(-R)] + A\!.''^^JR)}/Qi, (10.4) 

where 

^cc(R) = {R\ cos(jF)pM cos(jF)\R}, (Dse(-R) = {R\ sm(yF)pM cos(yF)\R), <:>JR) = {R\ sm(yF)pM sm(yF)\R}. 

(10.5) 

When the initial state of the meter is pure, \ifrM}, then Eq. (110.5b becomes, 

(&ee(/?) = I-A.WI', <l>,e(-R) = <tss(«) = l-A.Wl', (10.6) 

where 

il/,(R) = {R\ cos(rF)|iAM>, t^.s(R) = {R\ sin(rF)|(AM). (10.7) 

The above results in Sec. 110. Il are exact, being applicable for arbitrary coupling strength and an arbitrary meter. 
Below we discuss specific examples of the meter 

70.2. Specific types of meters 

10.2.1. Coinciding meter variables, F — R 

Equations (I10.2ab and ( 110.4b simplify when F is a function of R. For example, when F - R, Eq. (110.3b implies 

that 

Gee = FcosHyF) = [F + Fco5{2yF)]l2 = F/2 + M',/4, (10.8) 

where M^^^.j - dMs(c)ldy. Similarly, 

Ges = -M;,/4, G,, ^ FI2-M'JA. (10.9) 

As a result, Eq. (110. 2ab becomes 

R, = [2F + m; - 2M;, ImA,, + {2F - M',)A'^y'^]im,). (10.10) 
In the present case F - R, the exact pointer distribution (110.4b with the account of Eq. ( 110.5b becomes 

(D,(F) = <l)(F)[cos2(yf)H-(ImA„)sin(2yf)H-A;,!''>sin2(yF)]/ei. (10.11) 
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10.2.2. Two-level meter 

Consider now a two-level meter (qubit). Using Eq. ( 17.551 1 and taking into account that Fj - I, we obtain that 

cosjF - cosycosy/o - Fi sinysiny/o, sinyF - cosysiny/o + Fi sinycosy/o. (10.12) 

Inserting Eq. (110.12b into Eq. (110.3b yields 

Gcc = cIqCIiR-S2oS2iMr/2 + sIoSIiM, 

Gcs = [CloS2iR + S2o(C2iMR + iMi)-Sl,S2iM]/2, 

Gss = CloSnR + S2oS2iMR/2 + SloC^uM, 

Mc = C20C21 - S20S21FU M, = C2QS21 + S20C21F1. (10.13) 
Here Mr, M;, and M are given by Eqs. ( 17.64b . ( 17.68b . and ( |7.69b . whereas (m =1,2) 

Cmo = cos(TOy), 5;„o = sin(my), C^i = cos(OTy/o), 5^1 = sin(OTy/o). (10.14) 

10.2.3. Continuous-variable meter 
Consider a meter with continuous variables. 

a. Arbitrary meter state. The case F - R was discussed in Sec. 110.2711 For the case of the canonically conjugate 
variables (11.12b and a pure meter state, as shown in Appendix iDl 



Gcc = cos(yp)q cos(yp) = [q -\- ('(p)cos(2yp)]/2, 
Gss = sin(yp) ^ sin(y/7) = [q - ^'{p)cos{2yp)]/2, 

Gcs = cos(y/?)^ sin(y/:>) = [/y + ^'(p) sin(2yp)]/2. (10.15) 
In this case, using the expression F - p - -id/dq, we obtain that Eq. (110.7b becomes 

^/fciq) = [Mq + 7) + ipMiq - r)]/2, ipsiq) = Wuiq + r) - <Am(? - r)]/(20- (10. 16) 

b. Gaussian meter state. When the meter initial state is a general complex Gaussian state ( 11.491 ). all the relevant 
averages can be expressed in a simple form. Taking into account Eq. ( 17.231 ). we obtain that in Eq. ( 110.151 ) 



^'(p) cos(2y/7) = cos(2yp) - y/7 sin(2yp)] exp[-2(yAp)^], 



^'(/?) sin(2yp) = [^sin(2y/?) + ybco?,{2yp)] exp[-2(yAp)^], (10.17) 



whereas in Eqs. (110.3b and dlO.Sb for F = p we have 



Mc - cos(2y/7) exp[-2(yA/7)^], M., - sm(2yp) exp[-2(yAp)^], 
M'c = -2[psin(2yp) + 2yAp^cos(2y^)] exp[-2(yAp)^], 

m; = 2[pcos(2yp)-2yAp2sin(2yp)] exp[-2(yA/?)2]. (10.18) 



11. Numerical results and discussion 

Here we present results of calculations for weak PPS measurements of a qubit with two types of a continuous- 
variable meter. We assume that for both meters, F - p and pi - 0. For meter \, R - p, whereas for meter 2, R - q 
and the phase ((p) is quadratic. In this section we set Ap = I. 

For the measured qubit we take A - cr^-, - |n), Eq. ( 19. 15b , and \(p) -\ - z). Correspondingly, in Figs.lTlfTTl A„. 
is given by Eq. ( 19. 19b , whereas in Fig.[T2l A„. andAjJ'^ are given by Eq. ( 19. 18b . Equations (19. 18b and ( 19. 19b implv that 
now the weak-value phase - -v. Note that \A^^\ < 1, and hence the validity condition (14.5b of Eq. (14.1 lb certainly 
holds for 

\y\«(l+\p\)-K (11.1) 
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I/AJ = 20, 



-1 b I 1 I 1 I 1 I 1 I I 

-0.4 -0.2 0.2 0.4 

Coupling strength y 

Figure 7: (color online). The average pointer deflection (Rj - R) versus the coupling strength y. Here Ap = 1, Pi„ = 1 (a pure initial state); thick 
lines: Eqs. 111. 2) ; thin lines: the exact solution )10.2t . Solid red lines: R = p, p = 0; dot-dashed brown lines: R = p, p = \; soUd dark-green 
lines: R = q, p = h = 0; dashed blue lines: R = q, p = h = 1. The figure shows several lineshapes which are possible in weak PPS measurements. 
Notice that our general approximate formulas )11.2t approximate very well the exact solutions in the region where the measurements are weak, see 
the inequality Ill.U . which now is |y| <K 1 . 



To get a better understanding of weak PPS measurements, below we show plots of our general formulas ( 14.111 1. 
( 14.641 1. and ( 15.21 ) versus various parameters. The values of the meter parameters in Eqs. ( 14.111 ). ( 14.64b . and ( 15.21 ) are 
given by case 1 in Table|5]and case 2 in Table|6]for meters 1 and 2, respectively. In particular, Eq. (14.1 lb becomes for 
meters 1 and 2, respectively. 



yRe A,, + yblmA„ + y^bp |A„,|- 
\+2yplmA,,. + yH\+p^) |AJ 



qs-q ^ , , . , , ^2,,, (11.2b) 



Equation ( 15.21) reduces now to Eqs. (II 1.21) with the accuracy to the substitution ( 15.4b . In Figs. l7lfT2l the plots of 
Eqs. ( II 1.2b are shown by thick lines. These results are verified against the exact solution (110.2b with a Gaussian meter 
state (Sec. 110. Oi l, which is plotted by thin lines. 

Figure |2]presents the average pointer deflection (^ 5 - R) versus the coupling strength for different values of p and 
b. One can see that Eqs. ( II 1.2b approximate the exact solutions very well when the condition (111. lb holds (i.e., now 
for \y\ <s 1). In this interval, Fig.|2]shows a variety of lineshapes, which, as discussed above, include Lorentzian-like, 
dispersive-like, as well as similar, though more complicated, lineshapes. The main features of the curves agree with 
the analysis in Sec.|4] Namely, when y is very close to zero, the dependence is described by the hnear Eq. ( 17.2b (for 
R = p) or (17.24b {R = q). The exception is the case R-q, p-b- \ (the blue dashed lines),when the linear response 
vanishes; this plot shows clearly that weak PPS measurements are possible even in the absence of a linear response. 
With a further increase of lyl, the quantity 1.^, - increases to a value of the order of the maximum, i.e., of order AR 
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Phase e 

Figure 8: (color online). The average pointer deflection (Rj - R) versus the phase 9 of /!,„. Here Ap = 1, Pi„ = 1; thick lines: Eqs. )11.2t : thin 
lines: the exact solution )10.21 . The thin lines are not seen since they practically coincide with the thick lines. The four cases are plotted with the 
same line styles as in Fig.|2] 

[see Eq. ( I4.4ll i1, for 

\yAJ~(l + \p\r' (11.3) 
[cf. Eq. ( 14.271 )1. i.e., now for \y\ ~ 0.05/(1 + Note that in the present case 

AR^Ap^l for R = p, (11.4a) 



AR^Aq^ for R ^ q, (11.4b) 

where Eq. ( II 1.4bb follows from Eq. ( 11.511 ). 

Figure [8] shows the dependence of the average pointer deflection (^5 - R) on the phase of the weak value for 
y = 0.05, the other parameters being as in Fig.|2] Now the coupling strength y satisfies the condition ( 111.11) : corre- 
spondingly, there is no discernable difference between the exact and approximate formulas. Moreover, now we set 
lyA,, ! = 1 to satisfy the condition dl 1.3b : hence Fig. [8] corresponds to a significantly nonlinear regime. Therefore, the 
maximum values of - ^| in Fig.|8]are of order AR. For curves with p - Q, the 6 dependence is sinusoidal, and the 
maxima and zeros of - ^| occur at the same values of 9 as for the linear response, Eqs. (14.17b and ( 14.181 ), since the 
last term in the numerator and the second term in the denominator of Eqs. ( II 1.2b disappear now. Note that for meter 
1, 00 = 0, whereas for meter 2, Oq - njl for p - Q and 6*0 = 71 1 A for p - I- For curves with p + Q, the 9 dependence 
is not sinusoidal, and the positions of the maxima and zeros of - ^| diff'er from those for the linear response, since 
then, in contrast to the case p -Q, generally all the terms in Eqs. dl 1.2b are nonzero. 

Figure|9]demonstrates the dependence of (^5 - R) on the angle k which determines |A„,| = coXiKjl), see Eq. ( 19. 19b . 
Actually for a: <sc 2, Fig. |9] shows the dependence on the quantity 2/|A„,| (a; k). In Fig.|9] the exact and approximate 
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Figure 9: (color online). The average pointer deflection (Rj - R) versus the angle k in Eq. )9.19t . Here Ap = 1, P;,, = 1; thick lines: Eqs. ni.2t : 
thin lines: the exact solution 110. 2t . The thin lines are not seen since they practically coincide with the thick lines. The four cases are plotted with 
the same line styles as in Fig.|2] 



formulas practically coincide. Figure|9]illustrates the fact that 1^ , - ^| becomes significant, i.e., of order AR, when 
is sufficiently large to satisfy Eq. ( 111. 3b . The latter condition is now equivalent to k ~ 0.1(1 + \p\). 

In Figs.|7]|9]above we illustrated the behavior of the average pointer deflection (Rs-R) for the case F < AF (p < I 
now). Consider now the case F » AF (i.e., ^ » 1 in this section), which, as mentioned in Sec. HI is quite different 
from the case F < AF. In this case (Rs - R) is significant only when the parameters x and e in Eqs. ( I4.65I )-( I4.66I ) are 
small. Thus, as shown by Figs. [TO] and (TT] (Rs - R) is a narrow resonance as a function of different parameters in the 
problem. This case is approximated by Eq. ( 14.64b . which for meters 1 and 2 becomes, respectively. 



_ _ -2(Apfx 

Ps-P = 2 ^ 2 ^ -2^ ' (11.5a) 
—e — bx 

q^-q = - / 2 2 -2^ • (11.5b) 



Figures [TOl and [TTj show that the simple Eqs. ( II 1.5b describe well the resonance in the pointer deflection. In Fig.fTOl 
e = 0, whereas the varied parameter y is linearly related to x. In contrast, in Fig. (TT] x is negligibly small, whereas 6 
is hnearly related to e. In this case, as shown by Eq. ( II 1.5bb . (^j - q) is practically independent of b; correspondingly, 
the plots for b - Q and b - \ practically coincide in Fig. [TT] One can see that (^5 - R) is almost zero for the case 
R - q, b - 0, when Re A„, = e = (Fig.fTOb. and for R - p when x practically vanishes (Fig.fTTb. The reason for this 
is clear from the simplified Eqs. ( II 1.5bb and ( II 1.5ab . respectively. 

Note that there is a slight discrepancy between Eqs. dl 1.2ab and ( 110.2b for R - p when 9 ^ -njl (see the thick 
and thin red solid lines in Fig. fTTb . This is explained by the fact that in this case the two terms in the numerator of 
Eq. d 1 1 .2ab practically cancel, so the higher-order terms neglected in Eq. ( 14.1 lb become noticeable. However, this 
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discrepancy is rather insignificant, since it occurs for the not very interesting case of a small (Rs - R) [see the remark 
after Eq. gTTJ]- 

The effect of a mixed initial state is illustrated by Fig. [121 where = 0.99. A comparison of Figs. l9l and [T2l 
shows that even a small impurity of the initial state can significantly decrease the maximum magnitude of the average 
pointer deflection. 



12. Discussion of two recent interferometric experiments 

Starling et al. |fl33l] experimentally demonstrated an optical-phase measurement tech niqu e based on phase am- 
plification. Similar sensitivity to balanced homodyne detection was obtained. In Ref. 113311 . the experiment was 
explained on the basis of classical wave optics. A similar experiment was performed also in Ref. [83], but there the 
explanation was given in terms of the weak value. Below we provide a unified description of both experiments on 
the basis of the present nonperturbative theory of weak PPS measurements. In particular, we show that the results of 
Refs. 118311 13311 are described by two different limits of the same nonlinear formula. 

The correspondence between the notation here and in Refs. Ii83[|l33ll is presented in Table[8] 



72.7. Unified theory of two interferometric measurement schemes 

We begin with a brief description of the schematic of the weak PPS measurement in Refs. 113311 shown in 
Fig.[T3](the details can be found in Refs. |83, 133]). A photon enters a Sagnac interferometer, composed of a 50/50 
beam splitter and mirrors, and eventually exits the same beam splitter. The measured quantum system consists of 
the clockwise and counterclockwise paths of a photon in the interferometer, denoted by |1) and |2), respectively. The 
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Figure 11: (color online). The average pointer deflection (R, - R) versus the phase 8 of A,,,. Here Ap = I, Pi„ = 1; thick lines: Eqs. 111.2) : thin 
lines: the exact solution 110. 2K dotted lines: the simplified Eqs. 111.51 . The figure shows the regime of narrow resonance obtainable for |p| 2> 1. 
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Table 8: The correspondence between the notation used here and the one used in Refs. I83lll3: 



system is coupled to the meter (a transverse degree of freedom of the photon) by a controlled tilt given to the piezo- 
driven mirror (PDM), resulting in the transverse-momentum shifts y and -y of the photon in the paths |1) and |2), 
respectively. The coupling unitary operator is given ll83ll by Eq. ( ll.lOl i. where F - qis the transverse coordinate and 



A = |1X1|-|2X2|. 



(12.1) 



Moreover, due to the polarizer and the half-wave plate (HWP), the photon passes the Soleil-Babinet compensator 
(SBC) in the polarization state depending on the path. As a result, after passing the SBC, the photon acquires different 
phases (pi and (p2 in the paths |1) and |2), respectively, so that a relative phase 



tp - (fl -tp2 



(12.2) 



is introduced between the paths. In the clockwise (counterclockwise) path the photon passes the SBC before (after) 
the PDM, therefore the photon state before the exit of the photon from the interferometer is 



U2UUx\xliQ)iliM{q) = C/f/2C/i|iAo><AM(?). 



(12.3) 
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Figure 12: (color online). The average pointer deflection {R, - R) versus the angle *: in Eq. j9.19K for a mixed initial state. Here Ap = 1; thick 
curves: Eqs. II 1.21 with the substitution )5.4t : thin Unes: the exact solution 110.21 . The thin curves are not seen since they practically coincide with 
the thick lines. The four cases are plotted with the same line styles as in Fig. [7] The figure shows that adding a small impurity in the preselected 
state can result in a significant decrease of the maximum magnitude of the average pointer deflection. 



Here \tfro} is the photon state immediately after the photon enters the interferometer, 

= ^(Il> + '12)), Uj = cxp(i^j\j}{j\). (12.4) 

In Eq. ( 112.31 1 we changed the order of the operators U2 and U, since U2 commutes with A and hence with U. Equation 
(112.3b implies that the effective preselected state is 1, 8 3.1 

m = f/2f/il<Ao) = ^(e''^|l) + ;12)). (12.5) 
V2 

Here the last equality holds with the accuracy to an irrelevant total phase. 

The post-selection is performed by detecting (with the spUt detector) the photons exiting only the "dark port" of 
the beam splitter, the post-selected state being ll83ll 

I0) = ^(|l)-/|2)). (12.6) 
V2 

Equations ( 112.1b . ( 112.5b . and (112.61) imply that 



e'^ - 1 itp e'f + 1 

m) = * y, = ^ 1. (12.7) 
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Figure 13: (color online). Schematic diagram of the Sagnac interferometer for weak PPS measurements used in Refs. 
half-wave plate, SBC is a Soleil-Babinet compensator, and PDM is a piezo-driven mirror 



831113311. Here HWP is a 



Here and below the approximations hold for <K 1. Using Eq. ( 112. 7l i in Eq. ( 11.361 1 yields the weak value 11831] 

2i 



cot 



(?) 



(12.8) 



The split detector meas ures the average transverse coordinate of the photon, which means that R - F - q. 
Moreover, in Refs. 118311 13311 the initial meter state is a Gaussian with ^ = 0, whereas the beam divergence is negligible, 
i.e., the meter Hamiltonian is zero. Hence, from Eq. (14.111 ) and case 1 in Table|5]we obtain that 



qs = 



2r(A^)2lmA„. 



AyiAqfip 



where the approximation (112.81 1 is used in the second equality. 

The formula ( 112.9b simplifies in two limits. In the linear-response regime, 

lyA,,,! <K 1, i.e., 2y(Aq) <sc \ip\, 



Eq. STT% yields (iSJ, Eq. (5)) 



q, = 27(A^rimA,, 



and in the inverted region. 



Eq. (flZgb yields (11331], Eq. (9)) 



lyAJ Aq» I, i.e., llyl Aq » \(p\. 



2 1 <p 
q, = — Im— K — . 

r Aw y 



(12.9) 

(12.10) 

(12.11) 
(12.12) 
(12.13) 



The above results ( 112.91 ), ( 112.1 11 ). and ( 112.131 ) hold under the condition ( 14. Tal l, which now becomes 

lr|A^<s;l. (12.14) 

Equations (I12.11l i and ( 112.131 1 constitute the central results of Refs. |83] and il33|] . respectively]^ As shown above, 
these two experiments were performed in different regimes of weak PPS measurements, described by two limits of 
our general nonlinear formula, which now has the form (112.91 ). 



' Dixon et al. 1 83] demonstrated also an enhancement of the pointer deflection due to propagation effects, see the discussion in Ref. fs?]. These 
propagation effects are completely analogous to the time evolution due to a meter Hamiltonian 1 80J . Hence, they can be explained also with the 
help of the present theory of the effects of the meter Hamiltonian (Secs.l6land l7.2.4t . 
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It is of interest also to consider the distribution of the pointer values. It is given by Eq. ( I8.20l i taking into account 
Eqs. (I83]l and (fTTSl l. 

[r^-tan(^/2)]2(D(^) 



In particular, in the limit ( 112.121 ) 



tan2((^/2) + y2 (Agr)2 



Aq 



tan{(f/2) 



yAq 



(12.15) 



(12.16) 



For a Gaussian O(^), Eq. (112.161 1 coincides, up to a constan t fac tor, with the intensity at the dark port (i.e., the 
unnormalized pointer distribution) given by Eq. (7) in Ref. lll33ll (cf. Table [8). In Ref. 113311 the light with the 
intensity distribution ( 112.16b is called t he "s plit-Gaussian mode", since this distribution has a slightly asymmetric 
two-peak shape, shown in Fig. 2 in Ref. 113311 . 

T hus, we have derived the results of Ref. lll33ll quantum-mechanically. We have shown that the experiment in 
Ref. 113311 is a weak PPS measurement in the inverted region. 



12.2. Amplification coefficient for phase measurements 

Starling et al. 013311 showed that their experiment is well suited for precision measurements of the phase (f. They 
claimed that their technique involves phase amplification with the coefficient proportional to y ', but they did not 
provide the exact value of the amplification coefficient. Let us obtain ffie latter. Note that, in view of Eq. ( 112. 7l i. 

\ip\^2\{mV (12.17) 

As follows from the general discussion in Sec. 14.9.31 in measurements of the overlap the proper amplification coeffi- 
cient is [cf. Eq. ( I4.9ll l1 

fl' = (IrlA^)-', (12.18) 

where we took into account the second Eq. ( 112.7b . The amplification coefficient a^ for the phase (f is obtained from 
the relation a'\{(p\^)\ - a^\(f\, i.e., in view of the first Eq. ( 112.7b . 

= |- = (2|r|A^)-'. (12.19) 



This can be compared with the linear-response result ( 112.11b . which was used in Ref. ||83l] for an amphfication 
of the pointer deflection (i.e., the beam deflection) or for measuring y, the proper amplification coefficient being [cf. 
Eqs. (lt48l l and (fTTTTl lI 

a ~ \(prK (12.20) 

In the case ( 112.10b [ (Il2.l2b 1 the magnitude of the pointer deflection (112.11b [( I12.13b l increases, when the ratio j/ip 
increases (decreases). For both cases, the amplification is maximal in the strongly-nonlinear regime, 

\yAJAq-l, i.e., 2|r|A^~M, (12.21) 

where, in view of Eqs. ( 112.191 ) and ( 112.20b . 

a^ ~ a ~ l^r'. (12.22) 
In this regime, the nonlinear Eq. ( 112. 9b should be used. 



12.3. A comparison of the phase-amplification technique with projective measurements 

In Sec. 14.9.31 we obtained an estimation of the SNR with respect to the quantum noise for weak PPS measurements 
in the regime of very large weak values [see Eq. ( 14.881 )1. The above estimation holds for the general case. However, 
for the special case of the phase-amplification technique [133] (i.e., the weak PPS measurement described above), the 
quantum SNR can be obtained exactly. Indeed, in view of the third equality in Eq. ( 14.861 ) and the second equation in 
Eq. ( 112.71 ). we obtain that now the post-selection probability is given by the value il33[l 



<n^)/ = y\Aqf « 1, 
78 



(12.23) 



which is small due to Eq. ( 112.14b . Taking into account also that the pointer deflection is given by Eq. ( 112.13b . we 
obtain from Eqs. ( 14.73b and ( 14.76b that the quantum SNR is given by 



n = 3"'^>|Va^ ~ 0.76 |</)| Va^. (12.24) 

Here we took into account that Eq. ( 112.16b with a Gaussian ^{q) implies the pointer uncertainty A/?, ^ 3'^"^AR. 
Equation ( 112.24b is derived assuming that the average position is obtained by a statistical analysis of the measurement 
results. For comparison, in the split-detection method the average position is deduced from the difference between the 
integ rated intensities on the left and right sides of the detector, resulting in a somewhat higher SNR than Eq. ( 112.24b 



111331], 



<R = J- \ip\ y/N ^ 0.80 1,^1 Va^. (12.25) 

V 7T 

The phase if can be measured also with the help of strong (projective) quantum measurements. The projective 
measurement described in Sec. 14.9.31 can be implemented in the present case by setting y = and measuring the 
statistics of photons exiting the dark and bright output ports of the beam splitter in Fig. [13] since the exit probabilities 
equal Pi = \{(p\4r}\^ ^ V^/4 and Pq = I - Pi, respectively. As follows from Eqs. (14. 90b . for this method, the SNR with 
respect to the quantum noise is 

<Ri = (12.26) 



In fact, in Ref. 111331] a more sophisticated version of strong measurements was implemented, the so called balanced 
homodyne detection. In this scheme a unitary transformation of \tfr) is performed, so that tp — > n/2 + in Eq. (112.5b . 
and then the integrated intensities of both output ports are subtracted, resulting in the homodyne signal per one photon 



sin (fi X (fi. As shown in Ref. II133I1 . the quantum SNR for the balanced homodyne detection is 

1^2 = l^fl Va^, (12.27) 

two times greater than for the above simple scheme of projective measurements [cf. Eq. (112.26b ]. 

A comparison of Eq. (112.27b with Eqs. ( 112.24b and (112.25b shows that the phase-amplification technique has 
similar sensitivity to balanced homodyne detection with respect to quantum noise lll33|] . This is in agreement with 
the discussion in Sec. 14.9.3] where the quantum SNR was shown to be generally of the same order for projective and 
weak PPS measurements. 

As noted in Ref. rtl33ll . the phase-amplification technique is a robust, low-cost alternative to balanced homodyne 
phase detection. In particular, as a split detector one can use a low-cost detector with a low saturation intensity owing 
to the large attenuation [cf. Eq. ( 112.23b ]. Note that the increase of the attenuation does not decrease the quantum SNR 
(112.25b [or (112.24b ] owing to the simultaneous increase of the amplification coefficient ( 112. 19b . 



13. PPS measurements with a general post-selection measurement 

13.1. General formulas 

Until now, we considered PPS measurements in which the post-selection is performed by a measurement pro- 
jecting the system state on a discrete, nondegenerate eigenstate of some variable B. In this section, we discuss the 
general case, where the post-selection is performed by means of a general measurement described by a POVM (see 
Sec. II. 3.11 . This case includes different possible situations, such as, e.g., a projection on a degenerate eigenvalue of 
B. Another situation, where this case may be relevant, arises when one takes into account errors in the post-selection 
measurement. Indeed, in the presence of measurement errors, a projective measurement can be described as a general 
measurement characterized by a POVM [^ , 23 , 147 ] . 



In the general case, a PPS ensemble consists of systems for which the post-selection measurement yields a specific 
outcome. The POVM operator corresponding to this measurement outcome is denoted here by E. By repeating the 
derivation in Sec. l3.1l with the change 

^ E, (13.1) 
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it is easy to obtain that in the general case [cf. Eqs. ( I3.7l i and ( 13.91 )1 



{ER)f 

Rs = ^ — - (13.2) 

{E)f 

and 

- - {ERc}f 

R,-R ^ (13.3) 

{E)f 

where {E}/ is the post-selection probability and the averages are given by [cf. Eqs. ( 13.8b and ( I3.4b l 

{ER}f^Ti[(E®R)pf], <£>/ = Tr[(£®/M)p/]. (13.4) 

13.2. Relation between PPS and standard measurements of any strength 

Equation (113.2b allows us to connect PPS and standard quantum measurements of arbitrary strength. In the lim- 
iting case when E is just the unity operator Is, we obtain that (£)/ = {h}f - 1 and hence Eq. ( 113.2b reduces to 
Eq. (12.1b . Thus, in this case PPS measurements coincide with standard measurements for any measurement strength 
and any preselected state. This statement extends the similar results obtained for the special cases of strong and weak 
measurements with a pure preselected state in Ref. |67] (cf. Sec. 11.3.11 . 

The above statement is a limiting case of a more general relation between PPS and standard quantum measure- 
ments of any strength, as follows. If p or E commutes with A, then a measurement of A in a PPS ensemble provides 
the same results as in an ensemble preselected in the state 

p' = ^P^. (13.5) 
^ 2Tr(£p) ^ ' 

To prove this statement, we use Eq. (113.4b and the third equality in Eq. ( 13.2b to write 

{ER)f = Tr[(£®^)f/(p®pM)t/"^] = ^Tt[{I,^R)U((Ep+pE)®pm)U^], (13.6) 

{E}f = Tr[(£®/M)f/(p®PM)C/"''] = Tr[C/(£p®pM) [/"'"] = Tr(£p®pM) = Tr(£p)TrpM = Tr(£p). (13.7) 

In the second equalities in Eqs. ( 113.61) and ( 113.71 ) we used Eqs. ( IB. lib and ( IB. 10b . respectively. Inserting Eqs. ( 113.6b 
and ( 113.7b into Eq. ( 113.21 ) yields Eq. ( 12.1b with p given by Eq. ( 113.5b . This proves the statement in question. 

Note that p' in Eq. ( 113.51 ) does not exist when Tr (Ep) = 0. However, in this case PPS measurements are not 
possible, since the postselection probability ( 113.7b is zero. 

Now let us apply the above relation between PPS and standard measurements to prove the time-symmetry property, 
mentioned in Sec. II. 5.2] that measurements in a preselected (only) ensemble and a post-selected (only) ensemble with 
the same pre- or post-selected state, respectively, produce the same results, irrespective of the measurement strength. 
Consider measurements in a post-selected ensemble, i.e., an ensemble with the completely mixed preselected state 
Pern., Eq. dl.lSb . and a post-selected state \<p}. Since pc.m. commutes with any A, a measurement in a post-selected 
ensemble is equivalent to a measurement in a preselected ensemble with the preselected state p', Eq. (113.5b . Now 
£■ = s 10X01, and, in view of Eq. ( fTTSl l. Eq. ( fTTSl l yields 

n^Pc.m. +Pc.m.n^ 2n^/d 

P " ^rr ^ " " ^0. (13.8) 

2Tr(n0Pc.m.) 2d 1 

This proves the statement in question. 
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13.3. Weak PPS measurements 

Now the expansions in the coupling parameter can be obtained in the form [cf. Eqs. (I3.l3l l-( l3.l5l l1. 



{ER,)f = Tr(A"-*£AV)^'"-*^ci^^ (13.9) 

{E)f = J] 2(-lW" Tr(A"-*£AV), (13.10) 

«=() ^' k=0 ^ ^ 

{ER)f = ^^^(-l)*r Tr(A""*£AV)f""*^i^*. (13.11) 

«=o 4=0 ^ 

Correspondingly, the expansions (13.161 1 hold now with the changes [cf. Eq. ( 15. lH 

K<^|iA>l' -> Tr(£p), (13.12a) 
{A%{A%^ Af'^^-^^^ (k,l>0). (13.12b) 

In the first order in y, Eqs. (113.31 1. ( 113.91 1, and ( 113.10b yield the linear-response result ( 14.131 ), where in the present 
general case the weak value is given by 

Tr(£p) 

Equation (113.131 1 follows from Eq. (I13.12bb , on taking into account that A„ - a\1'^\ The real part of the weak value 
(113.13b was obtained in Ref. 1 106]. Note, however, that the r eal p art of A„ is generally not s ufficient to describe the 
linear response ( 14.13b . Equation (113.13b was obtained in Ref. ll92ll and discussed in Ref. 11114 1. 

It is easy to show that An, is a usual value, when any two of the operators A, p, and E commute, since then A„, is 
an average of A, 

A„ = Tr(Ap'), (13.14) 
where p' is given by Eq. (113.5b . This situation involves two different cases: 

(a) When E or p commutes with A, the results of PPS and standard measurements coincide (see Sec. 113. 2t . Eq. ( 113.14b 
being a consequence of this fact. This case involves paragraphs c, e., and/ in Sec. ll.5.2l as its special cases. 

(b) The case, when E and p commute, is an extension of paragraphs a. and b. in Sec. 11.5.21 

As shown above, in the nonlinear theory of weak PPS measurements, in addition to the weak value, one needs 
another parameter related to A, the associated weak value A[J''*. As follows from Eq. (I13.12bb . in the general case 

A(U) - Tr (A£Ap) 

" Ti-(Ep) ■ ^^^-^^^ 

13.4. Time-symmetry properties for PPS measurements of any strength 

A time-symmetry relation for measurements in ensembles of special types was discussed in the last paragraph of 
Sec. 113.21 Here we consider a more general time-symmetry property. 

The expansions ( 13.16b with the changes ( 113.12b imply a time-symmetry property for PPS measurements of any 
strength. Namely, it is easy to see that 

A*'> ^ (AWV=Af>, (13.16) 

under the simultaneous substitutions 

p ^ E ^ e,p. (13.17) 

Tr£ 

Here e\ is any positive number such that e\p is an allowed POVM operator. As impUed by Eq. ( 11.6b . this means that 
the maximal eigenvalue of e\p should not exceed one; hence, 

0<ei<^„i„ (13.18) 
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where /Imax is the maximal eigenvalue of p. 

Consider the important case when the pre- and post-selected states are pure. Then p - W.^ = and E - 

cqYI^ (0 < eo < 1) and the time-symmetry relation ( I13.17l i becomes 

p = n^ ^ n^, £ = eon^^ein^. (13.19) 

Strictly speaking, when eo ?t 1, the POVM operator E - eoH^ is not a projector, but still the post-selection state 
is 10). In other words, generally there is no one-to-one correspondence between the pure state of the system after a 
measurement and the POVM operator, unless it is stipulated that the POVM operator is a projector Equation ( 113.191 1 
is equivalent to the relation 

l«A> ^ \4>)- (13.20) 
Thus, in the case of pure pre- and post-selected states, the time-symmetry relation is conceptually simple: Eq. ( 113.161 1 
holds under the exchange of the pre- and post-selected states. This is an extension of the time-symmetry relation for 



strong PPS measurements 1166146 811 (see Sec. II. 3. 2b . 

When the preselected state is mixed and/or E + eoH^, then the quantities which are exchanged in the time- 
symmetry relation ( 113.171 1 are, with the accuracy to numerical factors, the preselected state p and the post-selection 
POVM operator E, rather than pre- and post-selected states, as one might expect. To understand this, we note that 
the density matrix p, on one hand, and the final-measurement outcome corresponding to the post-selection together 
with the respective POVM operator E, on the other hand, provide the complete information about the preselection 
and the post-selection, respectively, which is needed to determine a given PPS ensemble. In contrast, the state of 
the system after the post-selection generally cannot be used to characterize a PPS ensemble, since for a general post- 
selection measurement it depends on the evolution (e.g., a measurement) in the interval between the preselection and 
postselection. 

For weak PPS measurements the above time-symmetry property means that the weak value and the associated 
weak value satisfy the relations [cf. Eq. ( 113.161) 1 

A,, ^ A;„ A^!''' = invariant (13.21) 

under the simultaneous substitutions ( 113.171 ). Consider a simple example. When both pre- and post-selected states are 
pure, the symmetry relations ( 113.21b and ( 113.201 ) yield 

A„, ^ a;, for 1^) ^ 10). (13.22) 

This relation follows also from Eq. ( 11.361 1. 

Equation ( 113.161 ) shows that the substitutions ( 113.171 ) generally change the results of PPS measurements. Still, 
strong PPS measurements are not affected by the change ( 113.17b . as implied by Eq. ( 11.20b . In contrast, Eq. ( 113.21b 
impUes that the results of weak PPS measurements generally are changed by the substitutions ( 113.17b . unless A„ is 
real. 

13.5. A pure preselected state 

Consider an important situation when in a weak PPS measurement the preselected state is pure, p - |i/')(0|, but 
the post-selection measurement is general. As mentioned above, such a situation may arise, e.g., when measurement 
errors are to be taken into account. 

Now the weak values ( 113.131 ) and ( 113.15b become 

A,, . = ^4^. (13.23) 

There is an important relation between the present situation and the case of a mixed preselected state and a pure post- 
selected state. Indeed, the weak values ( 11.58b and ( 15.4b are connected to the formulas ( 113.23b by the relation ( 113.21b 
under the substitutions 

This relation allows one to use results of preceding sections in the present case. Namely, in the present situation the 
nonlinear equations ( 15.2b and ( 15.3b hold provided the definitions ( 113.23b are used. Moreover, the other results obtained 
above for the case of a mixed preselected state (see especially Secs.|5]and|9]and Fig. [12]) are also vahd now, with the 
accuracy to the substitutions ( 113.24b . 
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14. Conclusion 



Weak pre- and post-selected measurements are important for studies of the fundamentals of quantum mechanics. 
They also hold promise for precision metrology, since they provide significant amplification of the pointer deflection 
in comparison to standard weak measurements. This paper starts with a review of strong and weak PPS measurements 
(Sec.[T]). Afterwards, we present original contributions, which generalize previous theoretical work. 

In particular, a nonperturbative theory of weak PPS measurements is developed. The theory is applicable to 
an arbitrary quantum system and an arbitrary meter, with arbitrary initial states for both of them. The results are 
expressed in a simple analytical form. We have shown that weak values and the coupling strength can be measured 
not only in the linear regime, as was done previously, but also in two other regimes: the strongly-nonlinear regime 
and the inverted region (i.e., the limit of very large weak values, where the overlap of the pre- and post-selected states 
is very small). We have verified our theory by showing that the optical experiment in Ref. |133] can be described 
quantum-mechanically as a weak PPS measurement in the regime of large weak values. 

Optimal conditions for measurements are obtained in the strongly nonlinear regime, since there the pointer deflec- 
tion is generally of the order of the maximum value. Correspondingly, under optimal conditions, the amplification is 
stronger than in the linear regime by at least an order of magnitude. The nonlinear regime can be achieved only for 
anomalously large weak values, which implies the requirement that the overlap of the pre- and post-selected states 
is small. The optimal conditions are obtained when the above overlap is of the order of the small parameter of the 
theory. 

We have revealed that in the nonlinear regime weak PPS measurements significantly depend on the value of 
F. In particular, a nonzero F may facilitate measurements of weak values (Sec. 14.7.51 ) and the coupling strength y 
(Sec. l7.2.3l l. Moreover, the optimal regime of measurements is qualitatively different for \F\ <, AF and for \F\ » AF. 
In the latter case, the optimal conditions are much stricter, but the amplification is much stronger, than for \F\ < AF. 
This increase of the amplification may result in an increased measurement precision. The optimal regime for \F\ » 
AF is very sensitive to small perturbations of several parameters; this property can be used for various precision 
measurements. We have indicated experimental schemes where F is nonzero and tunable. 

We have derived exact solutions for PPS measurements of a qubit with several types of meters and, using these 
solutions, verified the present theory by numerical calculations. The present theory can be verified experimentally in 
many types of physical systems, including optical experiments and experiments with qubits. Moreover, the present 
results can be applied to improve the accuracy of precision measurement s. In particular, the present theory can be 
applied to existing experimental setups, such as those in Refs. [S^, 83-8^ 133 1. where using the optimal regime can 
increase the amplification by, at least, an order of magnitude. 

In recent years, research on weak PPS measurements and weak values has been expanding with an increasing rate. 
In spite of an initial controversy, weak values have demonstrated to be a fruitful concept both for fundamental studies 
and for designing novel experimental techniques. Potential applications of weak values include such diverse topics 
as optical communications and quantum information processing. The general theory of weak PPS measurements 
developed here will hopefully provide insights and a useful guide for further appUcations of weak values. 
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Appendix A Gauge invariance of PPS measurements 

Here we discuss the invariance properties of PPS measurements (with arbitrary measurement strength) under 
unitary transformations of the system and meter. 
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A.l System transformations 

Equation ( I3.9l l shows that Rg - R is independent of R (at least, for R + F). In contrast, as shown by Eq. ( 14.1 11 1 
or (15.2b . ^.5 - R depends on F. However, it is easy to see that in Eqs. ( I3.7l i and ( 13.9b is invariant under a "gauge" 
transformation 

F F' ^F-Fo, (A.l) 
where Fq is a real number, if simultaneously the pre- and post-selected states undergo unitary transformations, 

p exp{-iyFoA)pexp(iYFoA), (A.2) 
|<^> ^ |0'> = exp(/y"FoA)|0>, (A.3) 

where y' and y" are real numbers satisfying y' + y" = y. Note that one can choose y' = y (or y" = y) and y" - 
iy' - 0), leaving thus \<p} (or p) without a change. In particular, for y' - y and y" = the transformation (IA.2b - (IA.3b 
reduces to the change of the initial state, 

p — > exp{-iyFoA)pexp(iyFoA). (A. 4) 

The transformation (IA.lb -( lA3b allows one to change F according to 

F F" =F-Fo, (A.5) 

where Fq is an arbitrary real number. 

A.2 Meter transformations 

Consider the invariance of the average pointer deflection under a "gauge" transformation of the meter. It is easy 
to see that Eq. ( 13.9b yields 

R,-R = I, - 1 (A.6) 
under the transformation of the initial state and the pointer variable, 

PM ^ UuPu Ul, R ^ R^uIrUm + C, (A.7) 

where Um is a unitary operator commuting with F and C is a real constant. When C = 0, then not only ^5 - R but 
also ^5 and R individually are invariant under the change (IA.7b . 

For example, if F = p and R - q, one can use in Eq. (IA.7b operators of the form 

Um = exp[-iUp)], (A.8) 
where ^oip) is an arbitrary real function of p. In this case, Eq. ( IA.7b implies 

R^q + Coip) + C, (A.9) 
where the prime denotes the differentiation with respect to p. 

Appendix B Operator identities 

Here we prove several operator identities used in the present paper To begin with, we derive a formula for n 
consecutively embedded commutators, 

n 

[D,...[D,C]...] =^fl„iD"-*CD\ (B.l) 

where the coeflicients a„ii are to be determined. It is easy to see that the latter satisfy the recursive formula a„+i ic = 
(Ink - an,k-i, which by the change 

«„* = (-!)* <^ (B.2) 
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becomes 

= + <t-i (0<k<n + l; n>l) (B.3) 
with fl^ J - a'^ jj^j = 0. As follows from Eq. (IB. lb with n = 1 and Eq. iB.2i . 

«io = fl'ii = 1- (B.4) 



Equation (IB. 3b with the initial conditions (IB .4b has a unique solution given by the binomial coefficients lll48ll . = 
Combining the latter formula with Eqs. (IB. 2b and ( IB. lb yields finally Eq. (13.12b . 

Now let us prove the following operator identities. Let Os and O'^ (Om and (9J^) be arbitrary operators in the 
Hilbert space "Hs ('Km) of system S (M), whereas O and O' are operators in the Hilbert space 'Hs ® Hm- If O and 6>' 
can be written as the sums 

'■ j 

where Osi, O'^j, and either Os ® /m or (9g ® /m commute pairwise for all / and j, then the following identities hold 

Tr [(Os ® Om)0(0'^ ® = Tr [(/g ® Om)0(OsO;; ® o;,)o'] 

= Tr [(/s ® Om)0((9^(9s ® 

= ^Tr [(Is ® Om)0((OsO^ + O'sOs) ® (B.6) 

Note that the above validity conditions for Eq. ( IB. 61 ) imply that either Os ® /m or O'^ ® /m commutes with O and O'. 
When (9s ® /m commutes with (9, the first equality in Eq. (IB. 61 ) is obvious. Now let us prove the first equality in 
Eq. ( IB. 6b for the case when O'^, Os,, and O'^j commute pairwise. The left-hand side of Eq. ( IB. 6b can be recast as 



Tr [(Os ® Om)0(o;; ® o'^)o'] ^Yj^t^ KOsOsiO'sO'sj) ® (OmOm,o;^o;^,)] 

ij 

= y Tr (OsOs,0' O' m (OmOmiO'O') = V Tr (Os,OsO' O' ,.)Tr (OmOm,0' O' ). (B.7) 



Here in the last equality we used the fact that Os, commutes with O^ and 0^ . The substitutions Os h, O'^ — > OsOg 
change the left-hand side of Eq. ( IB. 71 ) into the rhs of the first equality in Eq. ( IB. 6b but do not change the rhs of Eq. ( IB. 7b . 
which proves the first equality in Eq. ( IB. 61 ). The second equality in Eq. ( IB. 6b follows from the fact that either Os ® Im 
or Og ® /m commutes with O and O'. For example, when O^ ® /m commutes with O and O', we obtain that 

Tr [(Is ® Om)0(OsO^ ® 0;^)0'] = Tr [(Is ® Om)0(Os ® 0'j^)0'(0's ® /m)] 

= Tr [(O's ® /m)(/s ® Om)0(Os ® 0'^)0'] = Tr [(/s ® Om)0(O^Os ® 0'f^)0']. (B.8) 

Finally, the third equality in Eq. ( IB. 6b follows from the previous equality. 

As an example, consider the case when O - U, O' - C/' , and Os or Og commutes with A. Here U is given by 
Eq. ( 11.101 ). In this case, the sums of the form ( IB. 5b are obtained by expanding U and f/ ' in powers of y, yielding 

O'uj = (5mj = (j > 0). (B.9) 

Thus, the validity conditions forEq. (IB. 6b hold now. Consequently, when either Os or Og commutes with A, we obtain 
the identities 

Tr[(Os®OM)f/(0^®0;^)t/^] =Tr[(/s®OM)f/(OsO^®0;^)f/1, (B.IO) 
Tr[(Os®OM)t/(0^®0;^)f/"'"] = iTr[(/s®OM)f/((OsO;; + O^Os)®0;^)t/^]. (B.ll) 
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Appendix C Estimation of moments of meter variables 



In the present Appendix, Sec. IC.2I we estimate the magnitude of the moments F^RcF" * (0 < ^ < n) for a system 
in a mixed state [cf. Eq. ( I5.6l l1 



where {4ii\^ j) - Sij, Ai > 0, and 2,- Xi - 1. Before this, in Sec. lC.ll we derive the generahzed uncertainty relation for 
a quantum system in a mixed state and prove several inequalities required in Sec. IC.2I 

C.l Generalized uncertainty relation 

First, we prove the following useful inequality for arbitrary operators 0\ and O2, 



(C.2) 



When the averages here are taken over a pure state, Eq. ( IC.2l i was shown to be a direct consequence of the Cauchy- 
Schwarz inequality for Hermitian 0\ and O2 in Ref. [146] and for general non-Hermitian 0\ and O2 in Ref. 11231] . 
Here we extend Eq. (IC.2b to the case of a general mixed state ( IC.ll l, by writing 



\0i02\' = |Tr(C>i02PM)r = 



^l,<iA,|0i02|iA/) < Yj~'^i\{4>i\Oi02Wi)\ 



OiO\ 0\02 



(C.3) 



which proves Eq. ( IC.2l i for the general case. In Eq. ( IC.3l l the second inequality follows from Eq. (IC.2I I for a pure state, 
and the third inequality results from the Cauchy-Schwarz inequality. 
The inequality ( IC.2l i implies that 

< {l>\). (C.4) 

Equation (IC.4l i with Z = 1 yields the generalized uncertainty relation for the variables F and [see also Eq. ( I4.19l l] 

\RrF'c\ < ARAF (C.5) 

The g enerahzed uncertainty relation (IC.5l l [or Eq. ( |4.19l l] was derived by Schrodinger il46|] for pure states (see also 
Refs. EH [Hi). Here it is proved for arbitrary (pure or mixed) states. 
Combining Eqs. ( 14.31 ) and ( IC.4I ) results in the relation 



Using the relation 



and Eq. ( IC.6b . we obtain 



\F',R,\ = \R,F',\ < ARiAF)' (/>!). 



\F"Rc\ = l^c^'M < ARAFiAF + \F\y 



n-l 



in > 1). 



(C.6) 



(C.7) 



(C.8) 



86 



C.2 Estimating the moments 

Let us now estimate the magnitude of the moments F^RcF"''^ (0 < k < n). 

We begin with the important case of canonically conjugate variables F and R, where the calculation is simple. 
Indeed, using the commutation relation RcF - FRc + i, we can move R^ to the last place in the product F'^RcF"^^, so 
that 

\F''RcF"-'^\ < \F"-^\ + \F^c\ < AR AF (\F\ + AF)"-K (C.9) 

Here in the last inequality we used Eqs. dC.Sb . ( 14.4b . and the Heisenberg uncertainty relation AR AF > 1/2. 
In the case when F and R are not canonically conjugate, we use the equality F = F + Fc to write that 

* lk\ln - k 



1=0 m=0 



pkji^^pn-k = ^ (C.IO) 



This reduces the problem to the estimation of the moments FcRc F" * where Q <k <n. 

When AR - (i.e., when pu is an eigenstate of ^ or a mixture of eigenstates of R with the same eigenvalue), the 

moments F[Rc and RcF[ vanish, at least, when R has a discrete spectrum.^ In contrast, the moments F'^RcF"' with 
l,m > I generally do not vanish in the limit AR — > 0. To proceed further, we make the simplifying assumption 



max \F',R,F^-'\ ~ R{AFy\ (C.ll) 

I</<m-l 

where R does not depend very significantly on m and generally does not vanish in the limit AR — > 0. With the help of 
Eqs. (IC.6b and ( IC.llb . the quantity ( IC.IOI ) can be estimated by the relation 



< ARAFF^'i\F\ + AF)"-'''-^ +R(AFf(\F\+AFT-^ (1 < < n - 1), (C.12) 

where k' = minjA:, n - k}. 

Equation ( IC.12b is equivalent to two simpler inequalities, which are obtained in two possible cases. First, in a 
typical situation, when AR is not too small, Eqs. ( IC.12b and (IC.8b yield for < k < n 



IF'^RcF"-''] < AR AF (\F\ + AF)"-^ (AR>R), (C.13) 

which coincides with the estimate ( |C.9b for canonically conjugate F and R. Second, when AR vanishes or is very 
small, the first term on the rhs of Eq. (IC.12b can be neglected, yielding 



F'<R,F"-^\ < R{AFy(\F\+AF)"-^ (AR R) (C.14) 



for 1 < k < n - 1, whereas | F" I = I Rc F" \ are zero or negligibly small [cf. Eq. dC.Sb l. 

In either case ( IC.13b or (IC.14b . the terms of orders higher than two in Eq. ( I3.16ab can be neglected under the 
condition (14.5b . when, at least, one of the two following cases takes place: 

(a) The quadratic term in Eq. (I3.16ab is not anomalously small, i.e., F RcF is of the order of the rhs of Eq. ( IC.13I ) or 
dCH) with n = 2. 

(b) The first-order term in Eq. (I3.16ab is not anomalously small, i.e., it is of order lyA^^I ARAF. Then, even when 
the quadratic term is vanishing or small, it can be shown that under the condition ( 14.51 ) the contribution of the third- 
and higher-order terms into the pointer deflection ( 13.91 ) is negligibly small, except for the unimportant case when the 
quadratic term in (II^)/ becomes very large, making the pointer deflection ( 13.91 ) negligibly small. 

(Moreover, it is assumed above in this paragraph that the first- and second-order terms do not cancel each other) 

When the first- and second-order terms in Eq. ( I3.16ab vanish or are anomalously small or cancel each other, the 
validity condition ( 14.5b may be inapplicable. However, generally such cases are of little interest, since then the pointer 
deflection is very small. 
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Appendix D Calculation of moments for canonically conjugate variables 

Here we derive formulas for moments of canonically conjugate variables used in the main text. Let G(p) be an 
arbitrary function, such that the integrals below in Eq. (ID. 21 ) converge and that 



\im G(p)iI,m(p)^0. (D.l) 
Using the expression q - id I dp and Eq. ( I7.1 IK we obtain that 

dprMiP)G{p)i[G{p)ilfu{p)X 

dp Mp) G(p) {i[G(p) fp{p)Y + Cip) Gip) fp(p)] 

CO 

Xoo 
dpfl{p)G\p)C{p), (D.2) 
oo 

where the prime denotes differentiation over p. The first term in the last expression in Eq. (ID. 2b vanishes in view of 
Eq. (ID. lb . and we obtain that 

Gip)qG{p) = C{p)G\p). (D.3) 

In particular, Eq. ( ID.3b implies the formulas ( 17.22b and (17.15b . whereas Eqs. (ID. 3b and (17.15b imply the first two lines 
in Eq. ( fToBT l. 

In a similar fashion, it is not difficult to obtain that 



K(x\,X2) = e\p(ixip)q expiixip) = [(X\ - X2)/2 + ('(p)] e\p[i(xi + X2)p]- (D.4) 
The characteristic function K(xi,X2) provides linear in q mixed moments of p and q by 

d"^'"K(jcuX2) 



i-i)" 



dx'ldx'^ 
Equation ( ID.4I) implies that 



(D.5) 



^-1=^-2=0 



K(y, r) - K(y, -y) + K(-y, y) - K(-y, -y) 



cos{yp)q sin{yp) - . (D.6) 

Equations (ID. 6b and ( ID.4b yield the third line of Eq. ( 110.151 ). 

It is easy to check that the expressions for averages of functions of p and q derived above hold also under the 
simultaneous replacements 

q ^ p, ap) ^ (D.7) 
In particular, Eqs. ( ID.3b - (ID.5b yield respectively 



G{q)pG{q) = ^'{q)GHq\ (D.8) 



K{X\,X2) = expiixiq) p expiixiq) = [(Xi - X2)/2 + ^'(q)] exp[i(xi + X2)q], (D.9) 

d"^'"K(xuX2) 



q"pq'" = (-/)" 



(D.IO) 



Xl=X2=0 



Equation dD.Sb implies Eq. ( 17.16b . Taking into account that {q, p} - 2Re qp, Eq. (ID.5b calculated for n -0,m- 1 and 
Eq. ( ImOt with n = 1, m = yield Eq. ( 17121 1. 
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